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Abstract

We study the geography of taut foliations on compact 3-manifolds with toroidal
boundary components. The central object of our work is the set of boundary multislopes
realized by foliations transverse to a fixed flow on such a manifold. We prove that these
sets exhibit remarkable structural properties—rationality, rigidity, and convexity—which
motivate the name ziggurats. Our main tool, of independent interest, is a two-way
correspondence between foliations and contact structures on 3-manifolds with boundary:
we generalize the Eliashberg—Thurston theorem, which produces pairs of positive and
negative contact structures from foliations, and a construction of the first author, which
builds foliations from such contact pairs. Using both directions of this correspondence, we
bring contact-geometric methods to bear on the architecture of ziggurats.
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In the middle of the precinct there was a tower of solid masonry,
a furlong in length and breadth, upon which was raised a second
tower, and on that a third, and so on up to eight. The ascent
to the top is on the outside, by a path which winds round
all the towers. When one is about half-way up, one finds a
resting-place and seats, where persons are wont to sit some
time on their way to the summit. On the topmost tower there
is a spacious temple, and inside the temple stands a couch of
unusual size, richly adorned, with a golden table by its side.

—Herodotus, Histories 1.181, trans. G. Rawlinson

0 Introduction

0.1 Motivation

A foliation F on a 3-manifold M is a decomposition of M into surfaces locally modeled on
R? x R. A foliation is taut if it admits a transverse loop through every point, or equivalently,
if it admits a transverse nonwandering flow (see Definition 4.4). An outstanding problem in
3-manifold theory is to determine which 3-manifolds admit taut foliations.

Question 0.1. Given a nonwandering flow ® on M, does there exist a (necessarily taut)
foliation transverse to ® 7

A basic operation on 3-manifolds is that of Dehn surgery along knots or links. It allows one
not only to create new manifolds from old ones, but also to study them in families; concretely,
one may fix a link in a given 3-manifold and study all of its Dehn surgeries at the same time
by varying the surgery slopes. This Dehn surgery perspective also permits us to focus on
simpler flows on manifolds with boundary. For example, in the important cases where & is
a periodic flow or a transitive pseudo-Anosov flow, any (M, ®) arises from surgery along a
collection of orbits of a suspension flow (see [Fri83; Bru95] for the pseudo-Anosov case). This
motivates the following definition:

Definition 0.2. Let M be a compact oriented 3-manifold with n framed toroidal boundary
components, and ¢ be a nonwandering flow on M tangent to OM. We define

Z(®) := {s | 3 foliation F transverse to ® with boundary multislope s} C R".

We refer to Z(®) as the (foliation) ziggurat of ®, borrowing the evocative terminology
coined by Calegari-Walker for related sets arising in circle dynamics (see Section 0.3).

A complete understanding of Z(®) would essentially answer Question 0.1 on all Dehn
fillings of (M, ®). The goal of this article is to prove a variety of structural results for Z(®)
which will explain the moniker “ziggurat”. Before stating our results, let us survey some
examples in which Z(®) is well understood.



(a) Front. (b) Back, upside down.

Figure 1: Z(®) for ® a pseudo-Anosov flow on the magic manifold s776. It is the complement
of the minimally twisted 3-chain link (67 in Rolfsen’s table [Rol03], L6a5 in Thistlethwaite’s
notation; see https://katlas.org/wiki/L6a5).

0.2 Ziggurats for periodic and pseudo-Anosov flows

A special role in the theory is played by periodic and pseudo-Anosov flows. A flow ¢ without
fixed points is periodic if there exists 7 > 0 such that ®7 is the identity. A flow is pseudo-
Anosov if it is a hyperbolic flow with finitely many singular orbits modeled on semi-branched
covers of standard hyperbolic orbits.

Conjecture 0.3 (Calegari, Thurston [Cal06; Thu97]). If F is a taut foliation on a closed
atoroidal 3-manifold, then there exists a nonwandering flow ® which is almost' transverse to
F and is either periodic or pseudo-Anosov.

This is a far-reaching generalization of Nielsen—Thurston theory for fibrations over S!.
The flow should record how the conformal structures of leaves of F change in the transverse
direction. Conjecture 0.3 is known in the Seifert fibered case by work of Thurston and
Brittenham [Thu72; Bri93]. In the hyperbolic case, the theory of universal circles pioneered
by Thurston in [Thu97] and extensively developed by Calegari, Dunfield, Fenley, and others
has proven Conjecture 0.3 in many cases [CD03; Cal00; Fen05; Cal06]. In another line of work,
Gabai—Mosher and Landry-Tsang have resolved Conjecture 0.3 for finite depth foliations
[LT23]. Upcoming work of Landry—Taylor also proves uniqueness and finiteness results for
pseudo-Anosov flows (almost)-transverse to a given finite depth taut foliation.

In view of Conjecture 0.3, an ambitious yet principled route towards a classification of
taut foliations on atoroidal 3-manifolds is first to classify the periodic and pseudo-Anosov
flows on M, and then to answer Question 0.1 for each of them.

Periodic flows in dimension 3 are completely understood via the classification of Seifert
fibered spaces. The foliation ziggurat Z(®) is also completely understood thanks to work of

Tn the sense of Mosher [Mos91].


https://katlas.org/wiki/L6a5

Eisenbud—Hirsch-Neumann, Jankins—Neumann, Naimi, and others [EHN&1; JN85; Nai94].
After cutting along vertical tori, the computation of Z(®) reduces to the following two
theorems:

Theorem 0.4 (Milnor-Wood [Mil58; WooT71]). Let M = %9 x S, where 3 is a genus g > 1
surface with one boundary component, and ® be the periodic flow tangent to the S'-direction.
Then

Z(®)=[-29+1,2g —1].

Remark 0.5. The rational points in (—2g + 1,2g — 1) are attained by foliations with linear
holonomy at the boundary, so these extend to the corresponding Dehn filling.

Theorem 0.6 (Jankins-Neumann [JN85], Naimi [Nai94]). Suppose M = (Pair of pants) x S*,
with ® the periodic flow in the S' direction. Then the Jankins-Neumann ziggurat Z(®) is the
subset of R3 cut out by the following inequality: for (r1,re,73) € Z(®),

p1tp2+1

—rg<sup———,
¢>1 q

where p1/q < r1 and p2/q < 19 are the best rational subapprozimants of r1 and ro with
denominator q.

Figure 2: The Jankins-Neumann ziggurat, restricted to (0, 1)3.

Pseudo-Anosov flows, on the other hand, remain beyond the reach of a complete classifica-
tion. Despite this, much progress has been made towards the following conjecture:

Conjecture 0.7. On any closed 3-manifold, there exist at most finitely many pseudo-Anosov
flows up to orbit equivalence.



Gabai-Li, and independently Bowden—Colin, have recently announced a proof of Conjec-
ture 0.7 for hyperbolic manifolds. Still, only a little is known about Z(®) in the pseudo-Anosov
case. The first existence result was proven by Roberts:

Theorem 0.8 ([Rob01]). Suppose ® is a pseudo-Anosov suspension flow on a fibration
¥, = M — St where Y is a genus g > 1 surface with one boundary component. Then Z(D)
contains an open interval around the slope of the fiber (the longitude).

Further progress has been made by Li-Roberts [LR14] who extended [Rob01] to arbitrary
(nontrivial) knot complements in S3, Krishna [Kri20], Nie [Nie26], and Zhao [Zha26] who
studied the maximal interval of slopes contained in Z(®) for some families of knots, and
Santoro [San24] who extended the techniques to 2-bridge links. All of these results rely on
[Li02] to produce taut foliations from a branched surface obtained from small modifications of
a sutured hierarchy.

Using the technology of veering triangulations [Zun24], we began a systematic experimental
exploration of Z(®) for many different pseudo-Anosov flows. Our software is available online
[Zun26]. Several examples of (approximations to) Z(®) are shown in Figure 3. These figures
display intricate staircasing phenomena, especially near topologically significant multislopes.
These experiments were our first hint that features of the Jankins—Neumann ziggurat might
reappear in the setting of hyperbolic manifolds. We will explain many of these phenomena in
this article.

0.3 Ziggurats in circle dynamics

Let rot : Homeo™ (S') — R be the (lifted) rotation number of a (lifted) circle homeomorphism.
In [CW11], Calegari-Walker studied the extremal rotation number problem: Given a word w
in the generators a, b, determine the set

Z(w) = {(r,s,t) | Ja,b € Homeo™ (S!) with rot(a) = r, rot(b) = s, rot(w) = t} c R3.

When w = ab, Z(w) is the Jankins—Neumann ziggurat up to a change of coordinates. They
show that when w is an arbitrary positive word (i.e., it does not contain a~! or b=!), many of
the structural properties of the Jankins—Neumann ziggurat persist. In particular, they show
that Z(w) is assembled from blocks with rational corners.

Except for the Jankins-Neumann ziggurat, Z(w) does not appear to be a foliation ziggurat
for any choice of ®. Our methods are also quite different from [CW11]: Calegari—-Walker
rely on a combinatorial analysis of the interleaving pattern of the fixed point sets of a and b,
while we rely heavily on 3-manifold technology including contact geometry. We think that
there ought to be a more general framework which simultaneously generalizes [CW11] and
the present work.

Question 0.9. What is the broadest dynamical context in which the ziggurat phenomenon
occurs?

0.4 Foliations and contact structures

Eliashberg and Thurston showed in [ET98] that a cooriented C2-foliation without spherical
leaves on a closed 3-manifold may be approximated by positive and negative contact structures.



(a) eLMkbcddddedde_2100 (b) fLLQcbeddeehhbghh_01110

(c) ivLLQQccdgf fhghhvvaaaaavy_01111220 (d) jLLAvQQbcdeihhiihtsfxedxhdt_201021201

Figure 3: Examples of ziggurats for pseudo-Anosov flows on 3-manifolds with 2 or 3 boundary
components. The flows are specified by their veering isosigs as recorded in the veering census
[GSS]. In the 2D examples, we also show the boundary multislopes of fibrations transverse
to ® with blue dots, with fibers of more negative Euler characteristic shown with smaller
dots. This comparison highlights our philosophy that Z(®) is a non-abelian generalization of
a fibered face of the Thurston norm ball.



Bowden and Kazez—Roberts generalized this to C%-foliations [Bow16a; KR17]. More recently,
the first author proved a converse, reconstructing a foliation from a suitable pair of contact
structures [Mas24]. With these tools in hand, we can pass back and forth between the foliated
and contact worlds.

Eliashberg—Thurston [ET98]

T

F (€-,¢4)

\/

M. [Mas24]

In this article, we refine both directions of this correspondence in the case when M has
boundary: we upgrade the forward direction to give control over 9¢_ and 9&y, and we upgrade
the reverse direction to give control over O.F.

We need the tools of both foliation theory and contact geometry to prove our strongest
results. Roughly speaking, the condition for a 2-plane field to be a contact structure is open.
Thus, the contact perspective offers the flexibility needed to prove that Z(®) is open near
certain points. On the other hand, the condition for a 2-plane field to be (tangent to) a
foliation is closed. Therefore, the foliation perspective is useful for proving that Z(®) is closed
near certain points.

0.5 Notation

For the reader’s convenience, we include a short list of notation that will be used throughout
the article.

e M: compact, oriented, connected 3-manifold, with nonempty boundary unless otherwise
stated. The boundary components are framed tori and are numbered 01 M, ..., 0, M.

e &: smooth, nonsingular, nonwandering flow on M tangent to dM having boundary
slope +o00 on each component of M. Note that ® need not be a linear flow on 0M,
but must have a well-defined boundary slope.

e Z(®): real multislopes realized by a (necessarily taut) C-foliation positively transverse
to ®. In this article, multislopes are oriented.

o Z*(®): real multislopes realized by positive/negative contact structures positively
transverse to ®.

o Zn(®): the set of generalized multislopes realized by C%-foliations positively transverse
to ®, where RN is treated as a wildcard that can assume any real number.

e T:=10,1].

e For multislopes r and s, we say 7 < s when r; < s; for all 1 < ¢ < n. Similarly, we
write 7 < s when r; < s; for all 1 <47 <n. We define the closed box

[rt]={seR"[r;<s; <t foralll1<i<n}



We similarly define the open box (7, t).?

e Given a foliation F, lamination A, contact structure {1, we denote the restricted
foliations/laminations on OM by OF, A, and 9&., respectively.

o We call a foliation positively transverse to ® a ®-horizontal foliation, or simply a
horizontal foliation when & is clear from context. We use the same terminology for
surfaces, laminations, and minimal sets, and also foliations on M positively transverse
to @‘3]\/[.

0.6 Orientation conventions

The following assumptions will hold throughout the article.

o All surfaces, laminations, foliations, and plane fields in M are oriented and cooriented,
and transverse to M. The laminations and foliations have C' immersed leaves and
continuous tangent plane fields.

e Pictures of M are drawn looking from outside the manifold. In this convention, adding
twisting to a positive contact structure decreases the slope of the boundary foliation for
free. Adding twisting to a negative contact structure increases the slope of the boundary
foliation. See Figure 4.

Figure 4: A positive contact structure (red) and a negative contact structure (blue), in a
neighborhood of M (gray).

2This notation is a bit unfortunate since it conflicts with the one for pairs of multislopes. We apologize to
the reader and hope that it will not create any confusion.

10



0.7 Results

We establish two collections of results. First, we extend the approximation techniques of
Eliashberg—Thurston and the construction of foliations from contact structures by the first
author to the setting of manifolds with boundary. Second, we apply those results to the study
of ziggurats. Our results relating foliations and contact structures might be of independent
interest.

0.7.1 Foliations and contact structures on manifolds with boundary

We assume OM # &. We say that the boundary foliation of a positive (resp. negative) contact
structure dominates another foliation G on OM if it pointwise has higher (resp. lower) slope
than G. See Figure 5.

(a) (b)

Figure 5: In 5a, the positive contact structure (red) and negative contact structure (blue)
dominate a foliation (yellow) along dM (gray). In 5b, the contact structures do not dominate
the foliation.

Theorem A (Eliashberg-Thurston with boundary). Let F be a C°-foliation on M transverse
to OM.

1. (Coarse version) Assume that (M, F) is not homeomorphic to either of the following:

o S' x D? with the standard foliation by disks,

o T2 x I with a foliation semi-conjugate to an irrational foliation.

Then for every € > 0, there exists a positive (resp. negative) contact structure & which is
e-close to TF in the C° topology, and whose boundary foliation dominates a foliation
G = G. on OM which is monotone equivalent to OF.

2. (Fine version) If moreover F has neither compact planar leaves nor T2-type planar
minimal sets (Definition 7.2), then G can be chosen isotopic to OF along OM.

Here, we say that two foliations are monotone equivalent if they can be connected by
a finite sequence (zigzag) of semi-conjugacies. We will prove a more precise version in the
presence of compact planar leaves and T?-type planar minimal sets; see Theorem 8.24 below.
Note that this theorem does not involve any transverse flow, as opposed to its converse.

11



Theorem B (Converse to Eliashberg—Thurston with boundary). Let ({—,&4+) be a contact
pair on M positively transverse to ®. Furthermore, let Gg be a smooth foliation on OM which
is transverse to ®|gp; and which is dominated by 0¢_ and 0&4 along OM.

Then, there exists a C°-foliation F on M transverse to ® (and in particular to OM ) such
that OF 1is semi-conjugate to Gg.

The reader should imagine that the foliation Gy in the theorem is “sandwiched” between
& and &, along OM, as in Figure 5a. Unfortunately, it is not possible to make 0F isotopic
to Gy in general, but this result will be powerful enough for all our applications.

0.7.2 Applications to ziggurats

In the rest of the introduction and also in Part III, we make the following standing assumptions
unless otherwise stated.

Standing Assumption 0.10.

e M is a compact, connected, oriented 3-manifold with toroidal boundary components.
The boundary components of M are framed. We also assume that M 2 S' x D? and
M 2 T? x I, so that the hypotheses of the coarse Eliashberg-Thurston theorem (item
1 of Theorem A) are satisfied.

e ® is a smooth, nonwandering flow on M whose restriction to each boundary component
of M induces a Reebless foliation of slope +o0o0 (the degeneracy slope).

Notice that changing the framings on the boundaries of M without modifying the degeneracy
slopes simply induces a translation in R™ by an integer vector.

The master result that will allow us to apply techniques from contact geometry to the
study of ziggurats is the following ziggurat intersection theorem, which is a consequence of
Theorems A and B.

Theorem C. The foliation ziggurat Z(®) is exactly the intersection of the negative and
positive contact ziggurats:
Z7(®) N ZT(®) = Z(D).

The next few results will be rather immediate applications of Theorem C. First, we show
that the ziggurat Z(®) satisfies a strong convexity property.

Definition 0.11. A subset A C R" is box-convex if for all x,y € A satisfying x <y, we
have [x,y] C A.

Remark 0.12. Box-convexity is stable under taking intersections and under closure.

Definition 0.13. Let S C R™. The box-closure of S, denoted by [5], is defined as
[S] = {sER” | 3st e s, s_§s§s+}.

It is the smallest box-convex subset of R™ containing S.

12



Figure 6: The intersection of Z~(®) (blue) and Z1(®) (red) is Z(®).

A\ 4
\ 4

(a) (b)

Figure 7: The box-closure of the pair of points on the left is a rectangle, while the box-closure
of the pair on the right does not contain any other points.

13



Theorem D (Box-convexity). The set Z(®) is bozx-convex.

When n =1, i.e., when M has a unique boundary component, this result simply means
that Z(®) C R is an interval. When n > 2, more complicated shapes can appear.

We next establish some properties of rational and irrational slopes.

Theorem E (Dehn filling). Suppose s € Q™. The multislope s is realized by a ®-horizontal
foliation with linear boundary type if and only if one of the following holds:

e seint Z(®), or
e ® is a suspension flow of a fibration with compact planar fibers with multislope s.

We also state a version of this theorem relating partial fillings of M to slices of Z(®); see
Theorem 14.2.

For 1 < k <n, we define
1, =(1,...,1,0,...,0).

Theorem F (Instability of irrational slopes). Let s = (s1,..., Sk, Skt+1,---,5n) € Z(P) such
that s; € R\ Q for 1 <i < k. Then there exists € > 0 such that

[s —elg, s +¢ely] C Z(P).

Remark 0.14. With the further assumption that Z(®) is closed, the previous results already
explain the staircase phenomenon visible in Figure 3. For simplicity, we restrict to the case
n = 2. Suppose that Z(®) is closed, and that its projection onto the z-axis is surjective. By
box-convexity, Z(®) is of the form

{(z,y) eR* | f-(2) <y < fr(2)},

where fi : R — RU{+o0} are two nonincreasing functions. Combined with the instability
property of irrational multislopes, we also deduce that fi only take rational values (or £o0),
and their discontinuity points are rational as well. Of course, these functions can still have
complicated discontinuity sets without any additional assumptions. Below we will prove that
Z(®) is closed when some natural assumptions are satisfied (Theorem H), and we precisely
identify its closure otherwise (Corollary K). We will also identify the points where corners
may accumulate (Theorem M). <&

A special role in the next few theorems is played by compact planar surfaces. We also
need to consider T?-type planar minimal sets (see Definition 7.2), the model example of
which is an irrational linear foliation on T? x I. A recurring theme is that minimal sets of
these kinds impose rigidity on the foliation, because of the small fundamental groups of their
leaves.

14



Definition 0.15 (Obstructed multislopes). A multislope s is spherical if there is an embedded
compact planar surface with nonempty boundary meeting each 9; M in a (possibly empty)
collection of parallel curves of (oriented) slope s;. We define T?-type planar multislope
similarly. We call a multislope obstructed if it is a spherical or T?-type planar multislope.

Remark 0.16. Dehn filling along the rational coordinates of a spherical multislope always
gives a reducible 3-manifold.

Remark 0.17. Accumulation points of spherical multislopes must be spherical or T?-type
planar multislopes; see Proposition 15.1.

Theorem G (Rigidity of spherical multislopes). Assume s = (s1,...,5,) € Z(®) is a
spherical multislope or a T?-type planar multislope. Then either

((s1,400) X -+ X (8p,+00)) N Z(P) =@

((—00,81) X -+ X (—00,8,)) N Z(P) = 2.

If Dehn filling (M, ®) along the rational components of s results in a suspension flow on
St x 82 or T2 x I, then both of the quadrants above are empty.

A 4

Figure 8: If the marked point corresponds to an S! x S$? Dehn filling, then Z(®) is “pinched”
there: it must be a subset of the green region.

One can check this theorem in Figure 3 (a) and (b); the largest blue dots correspond
to spherical multislopes, and the ziggurat is “pinched” there. In Figure 1, the ziggurat is
“pinched” along a hyperbola which corresponds to a family of spherical and T?-type planar
multislopes. Indeed, one can fill a component of L6a5 to get a Hopf link, whose complement
is T? x I. We do not know whether the natural converse to Theorem G holds: there might
be points in Z(®) whose positive and negative quadrants are empty, but which are neither
spherical nor T?-type planar multislopes.

15



In favorable situations, the ziggurat Z(®) is a closed subset of R". We say that & is
branched surface finite (or BSF for short) if there is a finite collection of ®-horizontal
branched surfaces which carry all ®-horizontal foliations. Fully punctured pseudo-Anosov
flows without perfect fits are BSF (Theorem 4.11). We will prove our results for an even
larger class of flows, the locally branched surface finite (LBSF) flows (Definition 4.6),
which includes periodic flows as well.

Theorem H. If ® is LBSF and does not admit any transverse compact planar surface with a
boundary component of degeneracy slope, then Z(®) is a closed subset of R™.

For example, this theorem applies to periodic flows. In general, however, Z(®) may fail to
be closed at some exceptional points where the boundary foliations develop Reeb annuli; see
Figure 9 for an example.® We call these boundary foliations X type. See Definition 2.4 for
the precise definition. We say that 0F is admissible if each component is either a suspension

foliation or N type.

\\\\\\\\\\\\\\\\\\\\\\\\
\\\\\\\\\\\\\\\\\\\\\\\\
/N

Figure 9: A sequence of foliations of T? all of the same slope approaching an X type foliation.

D))

Remark 0.18. The appearance of X type boundaries should be no surprise for those familiar
with the notion of almost-transversality in the pseudo-Anosov theory of foliations. Foliations
with N type boundary components can be filled along any non-degeneracy slope to yield
almost-transverse foliations in the sense of Mosher. See Proposition 4.13 below.

Definition 0.19. Let F be a ®-horizontal foliation with admissible boundary. The general-
ized boundary multislope of F is a tuple (s1,...,$,), where s; € RU {£oc} if 0;F is a
suspension foliation, and s; = N if 9;F is of N type.

Definition 0.20. The N-completion of Z(®), denoted by Zx(®), is the subset of R" defined
as follows. A multislope s = (s1,...,5,) € R" is in Zx(®) if and only if there is a generalized
multislope (s1,...,5,) realized by a ®-horizontal foliation such that each index i satisfies
either s; = s; or s; = N; in other words, N may be treated as a wildcard.

This definition may seem strange at first sight but is justified by the next sequence of
results: we will show that Zx(®) is exactly the closure of Z(®), under some reasonable
assumptions on P.

3See also the painting Current by Bridget Riley,
https://bridget-riley.publications.britishart.yale.edu/catalogue/10/.
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Theorem I (X-completion). If & is LBSF, then Zx(®) is a closed subset of R™.
Remark 0.21. For Theorems H and I, it is not necessary to assume that ® is nonwandering.

By definition, we always have Z(®) C Zx(®), and under the hypothesis of the previous
theorem, we further obtain

Z(®) C 2y(®). (0.1)

To establish the converse inclusion, we would need to show that any ®-horizontal foliation
realizing a multislope in Zx(®) can be resolved, i.e., modified so that the X components are
replaced with arbitrary real slopes and the non-R boundary components suffer arbitrarily small
changes in slope. We accomplish this using Theorem C (and hence contact structures) in an
essential way. We now identify some potential obstructions to the application of Theorem C,
and show that in their absence, the converse inclusion to (0.1) holds. Perhaps unsurprisingly,
these obstructions take the form of certain compact planar surfaces transverse to ® and with
some degeneracy boundary components.

Definition 0.22. Let ¥ C M be a compact planar surface with 0% C M. Define

bna(X) := the number of nondegeneracy boundary components of X,
b_oo(X) := the number of —oco degeneracy boundary components of X,

btoo(X) := the number of +o00 degeneracy boundary components of X.
We also define the degeneracy signature of 3,
b(Y) = (bnd(2), b-oo(E), b1oo(X)).

Definition 0.23. We say that ® is N-obstructed if it has a transverse compact planar
surface with any of the following degeneracy signatures:

e (1,1,0) or (1,0,1) (degenerate cylinders),
e (0,1,m) or (0,m,1) for m > 1.
Otherwise, we say that ® is X-unobstructed.

For our main flows of interest, fully punctured pseudo-Anosov flows without perfect fits,
these obstructions automatically vanish. See Theorem 4.11 and Lemma 4.12.

Theorem J (Resolving X components). Assume that ® is R-unobstructed. If a generalized
multislope s = (s1,..., 8K, X, ..., R), s; € R, is realized by a foliation transverse to ®, then
there exist intervals I; C R with s; € 01;, 1 <1i <k, such that

I X - x I x R"F ¢ Z().

Notice that the coordinates with entry R have been replaced with R. We will prove a more
precise statement below, see Theorem 17.7. Combining Theorem I and Theorem J, we obtain:

Corollary K. If ® is LBSF and N-unobstructed, then

Z(®) = Zx(). (0.2)
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Specializing to the case n = 1, Theorems D, F and J readily imply:

Corollary L. Assume M has a single boundary component. If ® is LBSF and R-unobstructed,
then Z(®) C R is a (possibly empty) closed interval with rational endpoints (possibly lying at
infinity).

When Z(®) is closed, we can prove much finer structural properties of Z(®). We show
that away from spherical multislopes, Z(®) is locally modeled on a finite union of boxes with
rational corners.

Definition 0.24. A standard quadrant at 0 € R" is a subset of the form
C=101x---x1I,

where I; C R is one of (—o0,0], {0}, or [0,+00). A standard multiquadrant at 0 is a
union of standard quadrants at 0.

While standard quadrants are box-convex, a standard multiquadrant may not be. However,
the box-closure of a multiquadrant is still a multiquadrant.

A

(a) A closed box-convex subset of R? with a (b) A closed box-convex subset of R? with a
single slippery point at the origin. line segment of slippery points.

Figure 10: Slippery points
Definition 0.25. Let A C R" be a closed box-convex set. A point © € A is terraced if

A is locally modeled on a standard multiquadrant near x, i.e., there exist a (box-convex)
multiquadrant ¢ C R™ at 0 and a neighborhood U of x such that

ANU=(z+Q)NU.

Otherwise, x is called slippery.
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The term “slippery” was introduced in [CW11], and is justified by Proposition 19.5 below:
slippery points are accumulation points of extremal corners, i.e., accumulations of stairs
getting smaller and smaller; a clumsy pedestrian could easily slip and fall there. If A is a
closed box-convex set in R™, then for any compact set KX C R" such that AN K consists of
terraced points of A, AN K = BN K where B is a finite union of closed boxes; these boxes
are the “terraces”.

For suitable nonwandering flows, slippery points may only appear at special multislopes
that we will shortly describe. This is already suggested in our examples above: the slippery
points in Figure 3 (a) and (b) lie at spherical multislopes, and there is a prominent 1-parameter
family of slippery points along a hyperbola in Figure 1. Since we wish to consider sequences
of ®-horizontal foliations, we also need to be careful about potential X components appearing
in the limit, and we shall impose some unobstructedness assumptions to avoid additional
difficulties.

Definition 0.26. For s € R", we say that s is strongly N-unobstructed if there is no
degeneracy (compact or T?-type) planar minimal set whose nondegeneracy boundary slopes
match the coordinates of s.

Theorem M (Slippery points are spherical). Suppose ® is LBSF and s is a strongly N-
unobstructed slippery point of Z(®). Then at least one of the following happens:

e Some of the s;’s are rational and the corresponding Dehn filling yields a flow with a
transverse sphere. In particular, the filling has an S* x S? summand.

e Two of the s;’s are irrational and Dehn filling some subset of the rational ones yields a
flow with a transverse T?-type planar lamination. In particular, the filling has a T? x I
summand and is a limit of fillings with S' x S? summands.

In all of the examples we produced (mostly for n < 3 and for pseudo-Anosov flows), we
observed that the ziggurats are connected subsets of R™. We expect this phenomenon to be
more general:

Conjecture 0.27. For any flow ® as in Standing Assumption 0.10, the spaces Z(®) and
Zx(®) are connected.*

Using the technology of veering triangulations along with Theorem J, we make partial
progress on this conjecture:

Theorem N. Suppose ® is a fully punctured pseudo-Anosov flow without perfect fits. If Z(®)
has a compact connected component, then Z(®) is connected; in particular, it is compact.

Under these hypotheses, Theorem J implies that a compact set is a connected component of
Z(®) if and only if it is a connected component of Z(®). Thus, Theorem N can be equivalently

formulated as follows: if Z(®) has a bounded connected component, then Z(®) = Z(®) is
connected.

“One could conjecture the stronger statement that Z(®) and Zx(®) are contractible. This should be
thought of as an analogue of the fact that whenever ® is a pseudo-Anosov flow, the set of homology classes of
®-horizontal surfaces is a cone over a convex subset of a face of the Thurston norm ball.
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Remark 0.28. In a similar vein, [Bow16b, Theorem B| gives an example where the fibers of
the map
s : {Smooth ®-horizontal foliations} — Z(®)

may be disconnected. We do not know whether the same can happen in the C? setting.

We end this section with some results and remarks on the regularity of the objects under
consideration. We now assume that ® is a topological flow on M without fixed points, whose
boundaries are Reebless and have slope 400, in the chosen framing of M. We define the

topological ziggurat
Z'P(®) C R”

as the collection of multislopes realized by topological foliations on M which are topologically
(positively) transverse to ®. Furthermore, assume that there exists a smooth model ®4p, of P,
i.e., a smooth flow on M which is topologically equivalent to ®, via an equivalence isotopic to
the identity.”

Proposition O. We have the equality
Z(®gy) = ZP(D).

Here, we do not need to assume that ® is nonwandering. This result justifies two of our
conventions:

 First, we may restrict our attention to smooth flows, since our flows of interest (pseudo-
Anosov and periodic flows) have smooth models,

« Second, we may also restrict to C-foliations which have a well-defined plane field, and
which are genuinely transverse to a (smooth) flow. This is crucial in order to define
contact approximations.

Moreover, since Z'P is clearly invariant under topological equivalence, we immediately
get:

Corollary P. Let M and N be two manifolds satisfying the first item of Standing Assump-
tion 0.10. Suppose ® and ¥ are two smooth flows on M and N, respectively, whose restrictions
to each boundary component are Reebless with slope +o0o. If ® and U are topologically equivalent
via a topological equivalence h : M — N, then

Z(T) = h(2(2)),
where hy is the induced map on the framings and boundary multislopes of M and N.

We will prove a more general result on upgrading topological foliations to C9-foliations,
relative to a (topologically) transverse flow, see Section 5.

SFor us, a topological equivalence is a homeomorphism h : M — N sending oriented orbits of a flow ® to
oriented orbits of a flow W.
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0.8 Further directions

Multiple pseudo-Anosov flows. Our results focus on foliations transverse to a single
flow. In view of Conjecture 0.3 (for hyperbolic 3-manifolds), it is expected that one must
consider all pseudo-Anosov flows simultaneously to complete the picture and survey the full
geography of taut foliations on a given 3-manifold.

Conjecture 0.29. Suppose int M is hyperbolic. Then the union
Uz(@®:)
7

over all pseudo-Anosov flows on M is connected and locally box-conver.

Note that rationality and the sphericity of slippery points would follow from the finiteness
conjecture for pseudo-Anosov flows combined with the corresponding theorem for the individual
ziggurats Z(®;). As a first step towards this conjecture, it would be interesting to understand
how the ziggurats for pseudo-Anosov flows coming from adjacent fibered faces of the Thurston
norm ball fit together.

Heegaard Floer homology. There are many tantalizing conjectures relating Heegaard
Floer homology and taut foliations, chief among which is the L-space conjecture [BGW13;
Juh15]. Tt predicts that the existence of a taut coorientable foliation on an irreducible rational
homology 3-sphere is equivalent to the nonvanishing of a certain flavor of Heegaard Floer
homology. A step toward this conjecture would be to show that the space of non-L-space
surgeries on a given link shares the same structural properties as the foliation ziggurats we
study in this article. Let s be a relative spinC structure on M. Then s induces a spin®
structure on every Dehn filling of M up to an ambiguity of a multiple of the Poincaré dual
of the Dehn surgery core. Let Zyp(M,s) be the set of (rational) multislopes such that the
corresponding Dehn filling is a non-L-space in at least one of the induced spin® structures.

Theorem 0.30 ([KM97; OS04]4+Theorem E). If s is the spin® structure compatible with ®*,
then
Q" Nint Z(CI)) C ZHF<M75)-

Conjecture 0.31. Zyp(M,s) has the same structural properties as foliation ziggurats: it
locally satisfies Theorem D (box-convexity) and Theorem G (rigidity of spherical multislopes),
and satisfies Theorem F (irrational instability), Theorem M (slippery points are spherical),
and Conjecture 0.27 (connectedness).

These results are known to hold when M has a single boundary component; in this case,
the set of L-space surgeries is known to be an interval with rational endpoints. We do not
know how to use the rational link surgery formula to say anything general about the case
of multiple boundary components. However, in the case of two-bridge links, Santoro and
Zhou have recently been able to completely compute the L-space surgery region, affirming
Conjecture 0.31 in this case [SZ26]. Figure 11 shows the specific example of the case of
surgeries on the two-bridge link L6a2.
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Figure 11: The landscape of surgeries on the complement of the 2-component link L6a2. The
locus of fillings with positive first Betti number is a hyperbola whose rational points are shown
with blue dots. The L-space region, as computed in [SZ26], is shown in solid blue. We found
two pseudo-Anosov flows ®; and ®2 on this 3-manifold; Z(®;) and Z(P2) are shown in green
and red hatching respectively. They overlap and the union of their interiors precisely fills
out the complement of the L-space region. Conjecture 0.29 and Conjecture 0.31 both appear
to be correct in this example. The L-space region is closed, and the interiors of Z(®;) and
Z(®P9) give taut foliations by Theorem E. Thus, the L-space conjecture also holds for surgeries
on this link. Note that unlike our conventions in the previous figures, we cannot choose the
framing of M so that the degeneracy slopes of both ®; and ®5 are +o00. Both Z(®;) and
Z(®9) have slippery points, but they have moved to (0,00) and (00, 0) in the coordinates of
this figure. We thank Hugo Zhou and Diego Santoro for sharing their work and helping us to
generate this figure.
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0.9 Organization of the article

The article is divided into three main parts and three appendices.

e In Part I, we collect the preliminaries on foliations, contact structures, and flows needed
in the rest of the article. While most of the results in Part I are not fundamentally new,
we recommend reading Section 2 about foliations on T? for our notation and conventions.

e In Part II, we prove our version of the Eliashberg—Thurston theorem and its converse
for 3-manifolds with boundary (Theorem A and Theorem B). This is the technical heart
of the article and can be used as a black box for the next part.

o In Part III, we give applications to the structure of the ziggurat Z(®) and prove
Theorems C to N. Most of these applications are rather direct consequences of Part 11,
but this third part can be read without a detailed understanding of the proofs in Part II.

e In Appendix A, we prove a technical result on mean curvature flow on the 2-torus used
in Section 2. In Appendix B, we study ziggurats in the special cases of disk and annulus
suspensions, which are excluded from our main theorems. In Appendix C, we discuss a
more general framework for describing “inadmissible” boundary foliations.
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Part 1
Foundations

In this first part, we set the stage for our main results. We collect various definitions and
prove a number of technical results that will be needed later. While most of this material is
standard, some statements do not seem to appear in the literature in the form or generality
required here, and particular care is needed to handle C%-foliations.

1 (Yfoliations and laminations

A foliation is a decomposition of an n-manifold into k-dimensional submanifolds (leaves)
locally topologically modeled on R¥ x R*~*. We are exclusively concerned with the cases
(n,k) = (3,2) (codimension 1 foliations on M) and (n,k) = (2,1) (codimension 1 foliations on
OM). In this article, a C°-foliation is a foliation with C'! leaves a continuous tangent plane
field. Every foliation is topologically isotopic to a C? foliation by [Cal01, Theorem 3.4]. In
general, the foliations we consider on manifolds with boundary are transverse to the boundary.

There are two natural topologies on the space of foliations. Two foliations are £ tan-
gentially close if their tangent plane fields are e-close. We call the induced topology the
tangential topology. Two foliations F; and F» are e-C-close if for every point p € M
and every 1-Lipschitz pointed C! immersion f; : (B, /e,0) = (M, p) with image contained in
a leaf of Fi, there is a pointed C! immersion f5 : (Bi/e,0) — (M, p) with image contained in
a leaf of F, which is e-C? close to f;. We call the induced topology the C° topology.

The tangential topology is coarser than the C? topology, because there can be different
foliations tangent to the same continuous plane field.

Definition 1.1. Let F be a C’-foliation. A C-isotopy of F is a topological isotopy
hy : M — M such that F; = hy(F) is a continuous path of C°-foliations. In particular,
the plane fields T'F; exist and vary continuously with ¢. This CC-isotopy is e-small, if
d(ht(z),z) < e for all € M and furthermore T'F; is e-close to T'F.

Definition 1.2. A foliation F is taut if for every point p € M, there exists a closed loop
positively transverse to F and passing through p.

Whenever @ is a flow and F is a foliation, we say that F is ®-horizontal if F is transverse
to ®. We say that an isotopy of foliations is horizontal if it is an isotopy through ®-horizontal
foliations.

Lemma 1.3 (Isotopy extension). Let F be a ®-horizontal foliation on M. Let (h¢)icjo,1) be a
C%-isotopy of OF through ®-horizontal foliations on OM which is smooth in the t and leafwise
directions. Then hy extends to a C° isotopy hy of F through ®-horizontal foliations on M.
Moreover, if hy is e-small, then hy is O(g)-small, where the implicit constants may depend on
® and F only.

Proof. Let vg be a smooth vector field generating ®. In fact, for this argument we will only
use that ve is Lipschitz.

Choose a tubular neighborhood of M parametrized as Tg’y x [0, 1],. Our first preparation
step is to modify the choice of this tubular neighborhood so that F and vg are nearly invariant
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in the r. Invariance of F in the r direction can be achieved by a small isotopy and restricting to
a small tubular neighborhood if necessary. To obtain near-invariance of ® in the r direction, let
d > 0 (to be determined later) and apply a reparametrization r — f(r), where f : [0,1] — [0, 1]
is a diffeomorphism satisfying

and
1

f(0/K) > bR

where K is a Lipschitz constant for vg. This guarantees that

|Uq>($,y,?”) - ’Uq;.(.’IJ,y,O)‘ <0

for r € [0,1/2].
Choose a smooth cutoff function g : [0, 1], — [0, 1] satisfying that

e g(0)=1forr<1/3,
e g(r)=0forr>1/2,
e ¢'(r) < 10.

Define the isotopy _
ht($7 Y, T) = (htg(r) (.’L‘, y)7 T) .

On OM, h; agrees with hy, and h; = id for r > 6. When § is small enough, hs(9F) is
®-horizontal for all 0 <t < 1. O

We will also need a version of this result that we will apply to contact structures. The
same proof works when F is replaced by a smooth plane field:

Lemma 1.4 (Isotopy extension for plane fields). Let & be a smooth ®-horizontal 2-plane field
on M. Let (ht)te[o,l] be a smooth isotopy of OF through ®-horizontal foliations on OM. Then
hy extends to a smooth isotopy hy of & through ®-horizontal 2-plane fields on M. Moreover,
if hy is e-small, then hy is O(e)-small, where the implicit constants may depend on ® and &
only.

A semiconjugacy from a foliation Fyp on M to a foliation F; on M is a continuous,
surjective map h : M — M which restricts to an orientation preserving immersion from leaves
of Fp to leaves of F; and restricts to a non-decreasing map on the local leaf spaces of Fy and
F1. An elementary kind of semiconjugacy is a Denjoy blowdown: if there is an inclusion
t:(ANx[0,1],H) — (M,Fy), where (A x [0,1],H) is a foliated I bundle over a (possibly
noncompact) surface A, then there is a semiconjugacy from Fy to a new foliation F; which
collapses the image of ¢ to a leaf homeomorphic to A\. We say that Fy is a Denjoy blowup
of F; along A. For any choice of Fi, A a leaf of i, and H a foliated I-bundle over A, one
can construct a Denjoy blowup Foy such that the semiconjugacy h : Fo — Fi is e-C? close to
the identity and Fy and F; are e-C"-close; one simply needs to split open along the leaf A to
width much less than € and insert H. We call such a Denjoy blowup a Denjoy blowup of
size ¢.
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Definition 1.5. Two foliations Fy and F; are monotone equivalent if there exists a third
foliation G and semi-conjugacies hg : G — Fp and hy : G — F.

One may check that if there are two semi-conjugacies Gy — F and G; — F, then there
exists a foliation H and semi-conjugacies H — Gy and ‘H — G; so that the following diagram

cominutes:
H
7N
Go g1
NS

In particular, there is a semi-conjugacy H — F. This justifies that we don’t need to consider
zig-zags of semi-conjugacies in Definition 1.5.

Compact leaves—especially genus 0 ones—will play a special role on our main theorems.
In the presence of a transverse flow, we will be able to arrange that those are in finite number
after blowdowns.

Lemma 1.6. Let ® be a smooth flow tangent to OM, and let F be a ®-horizontal foliation.
If F is not a fibration, then there exists a ®-horizontal F' obtained from F by blowdowns
only, all of whose compact leaves are isolated.

Proof. As in Step 1 of [Bow16a, Section 8], there is a finite collection of (smooth) embeddings
Ny =3k x [0, ] — M, where ¢, > 0 and X, is a compact surface (possibly with boundary)
so that each Ny, is a foliated I-bundle, 9, Ni := 3j x {0, ¢ } are leaves of F, and every compact
leaf of F is contained in some Ni. Furthermore, any two Ni’s only intersect along their
horizontal boundaries 0y, N;. We can assume that these IVi’s are arbitrarily thin, after suitable
subdivisions. Thus, we may assume that the restriction of ® to each N is a product flow.
Moreover, since F is not a fibration, we can assume that the i do not cover M.

Now we blow down the Nj one by one. If there is at least one £ such that ¢, > 0, we may
find such an ¢ so that either ¥y x {0} or ¥, x {c,} lies on (U, Ni). In particular, ¥, x {0}
is disjoint from Yy x {cg}. Since ® is a smooth product flow on Ny, we may blow down N, by
a semiconjugacy preserving flowlines of ®. Repeat this procedure until ¢ = 0 for all k. Then
each N, contains exactly one compact leaf, so the compact leaves are finite in number. [

Definition 1.7. Given a foliation F on M, a ribbon is a smoothly embedded strip R =
[T, T] % [0,e] C M transverse to F such that the arcs {+7'} x [0, ] lie on M, (=T, T) x [0, €]
lies in int M, and the induced foliation F|g is topologically isotopic rel. boundary to the
standard foliation by lines [0,7] x {y}, y € [0,e]. We use parameters T" and ¢ for the width
and height to emphasize that ribbons are usually short and long.

Construction 1.8. Given a ribbon R and an orientation preserving homeomorphism h :
[0,e] — [0,¢], a twisting modification of F along R is the operation of cutting along R
and regluing the interval’s worth of leaves intersecting R via the homeomorphism h. This
operation can be performed so that the resulting foliation if a C°-foliation. &

26



2 Foliations of T2

Foliations on T? naturally arise in the boundary of foliations on 3-manifolds. In this section we
establish terminology for describing foliations on T? as well as some basic properties. While
the results may appear technical, all of the rationality, stability, and flexibility results we
prove for Z(®) have their roots in phenomena on T2.

2.1 Slope and type

When a leaf spirals to the right (resp left) onto a closed curve, we say that the closed curve
has # (resp b) type spiraling. A sharp (#) annulus is a C%-foliated S! x [0, 1] with two
compact leaves along the boundary, and whose remaining leaves are noncompact and spiral
onto the compact leaves toward the right; see Figure 12a. Similarly, a flat (b) annulus is
a similar C-foliated annulus, except that the noncompact leaves spiral onto the compact
leaves toward the left; see Figure 12b. Finally, a Reeb annulus is one for which leaves spiral
to the left onto S* x {0} and to the right along S* x {1} (or vice versa). A f, b, or Reeb
lamination is a sublamination of the corresponding foliation with at least one noncompact
leaf. Whenever ) is a closed leaf a foliation of T2, one may blow up A and insert a # or b
annulus. We call this operation a f or b blowup.

Definition 2.1 (Coarse slope). Let G be an oriented foliation on T2 and ¢ is a leaf of G not
lying in the interior of a Reeb annulus, we define its (coarse) slope, s(¢) which is an element
of (R%\ {0})/Rs = S!, where R~g acts on R?\ {0} by scaling. It is defined as

() = [ tim_ £ =2],

where ¢; denotes a flow directing the universal cover GonR?and z € Z; up to positive scalars,
the limit does not depend on these choices. We are usually concerned with slopes having
non-negative z-coordinate; we call these the admissible slopes. The admissible slopes can be
identified with R U {£o0} via (1,2) — x.

If G has no Reeb annuli, all of its leaves have the same (coarse) slope which we denote by
s(G). If G has Reeb annuli, s(G) is not well-defined.

Proposition 2.2. Every Reebless CO-foliation G on T? of slope s is monotone equivalent to a
linear foliation Gs of slope s. When s is irrational, the monotone equivalence can be taken to
be a blowup along countably many leaves. When s is rational, the monotone equivalence can
be taken to be a blowup along countably many leaves, each inserting a # or b annulus, followed
by a blowdown of countably many bty annuli. The invariant measure on Gs pulls back to an
invariant transverse measure on G whose support is the union of all minimal sets of G.

This follows from the existence of a closed transversal (see [HH86, Ch 1, Sec 4.3]) and the
classification of circle homeomorphims by Poincaré and Denjoy.

Corollary 2.3. The coarse slope is a complete invariant of Reebless foliations of T?, up to
monotone-equivalence.

Definition 2.4 (Type). Let G be a foliation on T?. We define the type of G as follows:
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) Standard § annulus. ) Standard b annulus.

Figure 12: Foliations on an annulus.

/
|
7 AN

Figure 13: An R foliation of T?. If any of the sharp annuli were changed to flat annuli or vice
versa, the foliation would fail to be R type.

1. If G has no Reeb annuli,

(a) If G has no # nor b annuli, we say that it is of type §. Otherwise,

(b) If G has only # but no b annuli, we say that it is of type f,

(¢) If G has only b annuli but no f annuli, we say that it is of type b,

(d) Otherwise, G has both f and b annuli, and we say that it is of type f.

2. If G has Reeb annuli,

(a) If all leaves which spiral toward the right have the same slope, and all leaves which
spiral toward the left have the same slope, then we say that it is of type N.

(b) If the previous condition fails, we say that G is not of an admissible type.

Besides the last case, we call these types admissible.

Note that irrational foliations are necessarily of type f, and that § foliations with rational
slopes are exactly the foliations by closed curves. See Figure 13 for the typical shape of a
foliation of type N. We are forced to consider R type foliations because they may occur as
limits of other admissible foliations; see Lemma 2.28.

)

Definition 2.5 (Fine slope). A (finite) fine slope is a pair (s,Q) (usually written s¥)

where s € R and Q € {#,b,,1}. We say that s is the underlying coarse slope of s7. If F is
a foliation on M, its fine (boundary) multislope is the tuple

fs(F) := (fs(01F), ..., 15(0nF)).
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In Appendix C, we will also consider possibly infinite coarse and fine slopes, but some
of our results will not immediately work for those, so we will mostly restrict to Reebless
foliations with finite slope, or of N type.

Definition 2.6 (Generalized slope). A generalized (coarse or fine) slope is either a (coarse
or fine) slope or X.

2.2 Comparing slopes
The goal of this section is to connect the geometry of foliations on T? to their fine slopes.

Definition 2.7. If G; and Gy are two foliations on ’]I‘Q, then say that G; has lower slope
than G, at a point = € T? if positively oriented tangent vectors in T,G; and T,Go combine to
form a positively oriented basis of T,R?. We say that G; has pointwise lower slope than
G- if G has greater slope than G at every point in T2. In this case, we write G; < Go. Note
that < is a partial order when restricted to ®-horizontal foliations.

Definition 2.8 (Partial order on fine slopes). We define a partial relation < on (finite) fine
slopes generated by the following inequalities:

sV < t¢ (2.1)
whenever s < ¢t and ©, < € {,b, 4,1}, and
s” < st < s, and st < st (2.2)

Proposition 2.9. Suppose G and Gy are ®-horizontal, Reebless foliations with finite slopes.
Then

fS(gl) < fS(gg)

if and only if there exist G and G} horizontally isotopic to Gy and Gy respectively through
horizontal foliations such that G| has pointwise lower slope than Gb.

Throughout the rest of this section, we prove various results leading up to the proof of the
forward direction of Proposition 2.9. We defer the reverse direction to Corollary 2.19 where it
is proven as a consequence of Lemma 2.18.

First, we may use the Mean Curvature Flow on T? (see Appendix A) to simultaneously
straighten C-foliations on T?.

Lemma 2.10 (Straightening). Let Gi,...,Gi be Reebless C°-foliations of T2, possibly with
infinite slopes. Then there are C°-isotopies hi, . .. WL, 0<t<T, of Gi,...,Gy respectively
such that the isotoped foliations hl(G;) are tangentially C°-close to linear foliations. In
particular, if G; and G; have different slopes, then hl (G;) is transverse to h]T(gj). Moreover,
if any pair of the foliations start out transverse, they remain transverse during the isotopy,
and if any foliation is smooth, then the corresponding isotopy is smooth as well.

Proof. One can find such isotopies using simultaneous mean curvature flow on the leaves
of Gi,...,Gk. The same strategy is used in [Zun24, Lemma 4.1]. By Proposition A.1, the
foliations converge in the tangential sense to linear foliations (after some preparatory C°-
isotopies which are arbitrarily small in the nonsmooth case). The avoidance principle implies
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that mean curvature flow on a pair of curves may eliminate intersections, but never introduces
new inessential intersections between them as desired. If G; is smooth, then hz» is smooth
thanks to the smooth dependence of mean curvature flow on initial data. Restricting h;- to
t €0, T] for T > 0 large enough gives the desired isotopies. O

Lemma 2.11. Let ® be a smooth flow on T2 and let G; and Gy be two ®-horizontal, Reebless
foliations of T2. If s(G1),s(G2) are distinct real numbers, then Gy and Gy can be put in
transverse position by horizontal C°-isotopies.

Proof. Apply Lemma 2.10 to G1, Ga, and @ to obtain three isotopies kY, hb, and hf bringing
G1, Gy into transverse position. Then, Lemma 2.10 guarantees that hf(G;) remains transverse
to hl(®) for all t. Because ® is smooth, the isotopy hl, is smooth as well. Therefore, (hﬁp)flhﬁ
and (h&,)_lhg are isotopies of G; and Gs, respectively, through ®-horizontal foliations which
bring G; and G, into transverse position. O

Lemma 2.12 (Accordion trick). Let G; and Gy be two ®-horizontal, Reebless foliations of T?
with the same slope s € Q. Suppose that Gy has at least one §f annulus and Go has at least one
b annulus. Then Gi and Ga can be C°-isotoped through ®-horizontal foliations so that Gy is
positively transverse to Gs.

Proof. First apply the straightening lemma to bring ®, G;, and G, tangentially C? close to
linear foliations. In particular, ® is nearly vertical and G; and Gs are graphical. Compress the
complement of the sharp region in G; (like the bellows of an accordion) so the sharp region
nearly envelopes nearly all of T2, and similarly compress the complement of the flat region in
Gs. Then Gy and Gy can be put in transverse position as in Figure 14. O

Figure 14: The accordion trick. G; is shown in black and Gy is shown in red.

Proof of forward direction of Proposition 2.9. 1f fs(G1), fs(G2) match Equation (2.1), then we
can put G; and Gy in transverse position by Lemma 2.11. If fs(G), fs(G2) match any of the
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inequalities in Equation (2.2), G; has a b annulus and G, has a f annulus so we can use the
accordion trick (Lemma 2.12) to put G; and Gs in transverse position. O

2.3 Making foliations transverse

If G is a C%foliation on T? and ~ is an arc contained in a leaf of G, then it might not be
possible to perturb this arc to an arc transverse to G. However, this becomes possible after an
arbitrarily small C%-isotopy of G, essentially by making it smooth near + using the methods
from [Bowl6a]. We will extend this to suitable closed curves.

Definition 2.13. Let G be a C%foliation on T?, and 7 : S* — T? be a piecewise C! closed
embedded curve on T2. We say that ~ is positively (resp. negatively) monotone with
respect to G if v decomposes into finitely many C! subarcs, each of which is either

e Contained in a leaf of G, or
o Positively (resp. negatively) transverse to G
and -y is not entirely contained in a leaf of G.

Lemma 2.14. If G is a suspension foliation of slope s, then for every rational slope p/q > s
there G admits an embedded positively monotone curve of slope p/q.

Proof. Let 5 be the lift of G to the universal cover R2. The leaf space L of § is homeomorphic
to R. Therefore, there is a positively oriented path 7 from a point = € L to its +(g, p) translate
in L. Every sufficiently short arc in L descends to a transversal to G, so v may be divided
into subarcs which lift to transversals 71, ..., to G. Connecting these subarcs with paths in
leaves of G and then pushing them down to G yields a monotone curve of the desired slope
(p, q). Resolving self-intersections as necessary, we can guarantee that v is embedded. O

Lemma 2.15. Let G be a C°-foliation on T? and v a positively (resp. negatively) monotone
with respect to G. Then there are arbitrarily small CV-isotopies Gy of G and ; of v such that
y1 s a Ct curve positively (resp. negatively) transverse to Gy.

Proof. For simplicity, let us assume that 7 is contained in a leaf Lo of G for ¢t € [0,1/2] C
S' = R/Z, and v is positively transverse to G on (1/2,1). The general case can be treated
similarly and is left to the reader.

First, we may find C*! coordinates (z,y) € [~1,1]% near I' = 4(]0,1/2]) C T? in which G is
graphical, and Ly corresponds to [—1,1] x {0}. Then by assumption, for § > 0 small enough,
the point y(—9) lies below Ly and the point v(1/2 + d) lies above Lg. We then perform a
very small C?-isotopy of G near a slightly larger neighborhood of I' to make G smooth there
using [Bowl6a, Lemma 3.1]; we denote the resulting foliation by G’. We may further arrange
that Lg is preserved by this operation, so that the relative positions of Ly with v(—J) and
v(1/2 + §) are preserved. We may now connect y(—9) and v(1/2 + §) with an arc positively
transverse to G’. This way, we obtain a curve 4/ positively transverse to G’, which can be
made arbitrarily C%-close to 7. See Figure 15. O

We now extend this result and consider two foliations on G which are everywhere tangent
or positively transverse, such that the positively transverse region is sufficiently large. First,
we make precise what it means for the positively transverse region to be sufficiently large.
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Figure 15: Straightening a monotone curve.

Definition 2.16. Let G, G’ be two C%-foliations on T2. We say that G and G’ are mostly-
transverse if there exist open sets W € V C T? such that

« On a neighborhood of T? \ V, the leaves of G and G’ coincide,
« On a neighborhood of V'\ W, G and G’ are smooth,
e On V\W, TG and TG’ coincide, and on W, T'G is positively transverse to T'G’,

« For every p € T?, the leaf of G passing through p intersects W on both sides of p.

Figure 16: Two mostly-transverse foliations. G’ is drawn above in red when it differs from G.

We now show that two mostly-transverse foliations may be slightly perturbed to be made
transverse.

Lemma 2.17 (Making boundary foliations transverse). Let G, G’ be two mostly-transverse
CO-foliations on T2. Then, for every e > 0, there exist CO-foliations G and G' such that

e Gand G are isotopic, via an e-C°-small isotopy, to G and G', respectively,
o Gis positively transverse to g everywhere.

Proof. We proceed in two steps.
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o Step 1: pushing the nonsmoothness to the transverse region. The goal is to modify G and
G’ by arbitrarily small C?-isotopies so that the resulting foliations G and G’ satisfy the
same assumptions as G and G’, and are furthermore smooth on a neighborhood of T2 \ W.

Let us introduce some useful terminology. A standard box adapted to G and G’ is a subset
B C T? with C' coordinates B = [—1, 1]§7y such that the following properties are satisfied:

(a) On B, G and G’ are graphical, i.e., transverse to 0y,

(b) The intervals [—1,1] x {£1/2} are contained in leaves of G,

(c) The interval {—1} x [—1,1] is contained in V, and the interval {+1} x [-1,1] is
contained in W,

(d) All the leaves of G’ intersecting [—1,1] x [—1/2,1/2] remain in intB,

(e) There are finitely many closed, pairwise disjoint intervals Iy,..., I C [—1,1] such

that on each I; x [—-1,1], G and G’ coincide and they are smooth near 0I; x [—1,1].
Moreover, the complement of |J; I; x [~1,1] in B is contained in V.

For B such a standard box, we will write B’ := [—1,1] x [-1/2,1/2]. The last item is useful
to “isolate” regions where G and G’ differ, and will allow us to first modify them in regions
where they coincide.

By hypothesis, every point p € T? \ V is contained in a set B’ as above. Indeed, let us
consider the leaf of G passing through p, which intersects W on both sides of p. In particular,
there is a segment ¢ = [—1, 1] in that leaf passing through p such that 9¢ C W. We may
now trim ¢ so that it only intersects W near its boundary, and subdivide ¢ into finitely
many intervals which are either entirely contained in V', or contained in the region where
G and G’ coincide, and G and G’ are smooth near the boundaries of the latter intervals.
We may then thicken ¢ and consider a closed tubular neighborhood B bounded by two
leaves of G (which are C!), and find a much smaller tubular neighborhood B’ C B, also
bounded by leaves of G, such that item (d) is also satisfied. Choosing these neighborhoods
small enough guarantees that condition (e) is satisfied as well.

By compactness, we can cover T2\ V with finitely many sets of the form B’. Let us now
consider one such pair of boxes B’ C B. There is a § > 0 such that (1—0,1] x [-1,1] C W.
We then modify G (and G’) in each set I; x[—1/2,1/2], by replacing it with smooth graphical
foliation which is moreover arbitrarily C°-close to G. This modification is not an isotopy of
G or G’ a priori, since it modifies the parallel transport maps {—1} x [-1,1] — {1} x [-1,1]
induced by following the leaves. However, this can be corrected on the set (1 —4, 1] x [—1,1]
by modifying G and G’ there in a graphical way, so that the parallel transport maps match
those of G and G’. Moreover, this can be achieved to that G and G’ remain transverse in
(1 —9,1] x [-1,1], provided that the previous modifications are small enough. Since the
overall modification is graphical, the new foliations are C°-isotopic to the original ones,
via arbitrarily small C°-isotopies.

Note that this modification also affects G and G’ in the standard boxes in the finite cover
which intersect B. Importantly, our modification only enlarges the subset of T2\ W on
which G and G’ are smooth. Moreover, for sufficiently small modifications, the conditions
(a)—(e) are still satisfied for those nearby boxes, after the necessary adjustments. Therefore,

after finitely many such modifications, the resulting foliations are smooth on a neighborhood
of T2\ W.
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o Step 2: straightening the smooth part. By the previous step, we may assume that G and G’
are smooth on a neighborhood of T? \ W. Therefore, there exists a smooth nonvanishing
vector field X such that the (oriented) leaves of G are tangent to X on T2\ W. By
assumption, the flow line of X passing through a point p € T2\ V reaches a point in W in
positive and negative time. Therefore, we may construct a smooth function f : T? — R
satisfying X - f > 0 on T? \ W. It suffices to construct functions f;’s such that X - f; >0
and X - f; > 0 near a given flow line of X in T? \ W, and define f as a suitable finite sum
of those.

We then consider a smooth vector field Z positively transverse to X, and we define a
smooth isotopy of T? by

Op = Sog(x) ().

By construction, for any ¢ > 0 small enough, ¢;(G) is positively transverse to G’ on T2\ W.
For ¢ even small, ¢;(G) remains positively transverse to G’ on W as well. ]

2.4 (In)stability of slopes

Later in this article, we will perturb foliations on 3-manifolds to contact structures. We will
need to analyze how the induced foliations on OM change under these perturbations. In
this section, we give criteria to determine when the boundary slope of a foliation is stable or
unstable.

Instability results. We show some elementary instability phenomena for C°-foliations on
T? under tangential perturbations.

Lemma 2.18 (Instability of § or f-type foliations). Suppose Gi and Gy are two Reebless
CO-foliations of T? with finite slopes, and G has pointwise greater slope than Go. Then

s(G1) > s(Ga).

If equality holds, then s(G;) € Q and Go has a b annulus (i.e., Go has b or t type), and G1 has
a t annulus (i.e., G1 has § ort type).

Proof. The non-strict inequality is immediate from the definition of s. For the strict inequality,
let A; and Ay be the limit sets of G; and G5. They both admit measures of full support
by Proposition 2.2. The difference in slope between A; and As may be computed by an
intersection pairing between their invariant measures. Since A; and Ay have only intersections
of positive sign, s(A1) = s(Aq) if and only if A; and Ay are disjoint.

If s(A1) =s(A2) € R\ Q, then each leaf of A; lies in a gut of Ap. The guts of Ay are ideal
bigons, so leaves of A must be asymptotic into the cusps of these bigons. But then there is
no lower bound to the angle between leaves of A; and As so G; and Go must have a tangency,
contradicting our initial assumption.

If s(A1) = s(A2) € Q, then each leaf of A lies in a component of T2\ Ay which is either a
sharp or flat annulus. A sharp annulus does not admit a positive closed transversal, so Gy
must have at least one b annulus. Similarly, G; must have at least one f annulus. O

Corollary 2.19. The reverse direction of Proposition 2.9 holds.
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Lemma 2.20 (Instability of annuli without b spiraling). Let G be a foliation of an annulus
St x [0, 1] which is positively transverse to S* x {0} and S' x {1}. Suppose G has no closed
leaf of b-type (resp t-type) spiraling. If G' is another foliation of the annulus which is similarly
transverse to the boundary and has pointwise higher (resp. lower) slope than G, then G’ has
no closed leaf of degree +1 (resp. —1) in the annulus. See Figure 17.

Z

Figure 17: G shown in black, and a few leaves of G’ shown in red.

Proof. We consider the case where G has no closed leaf of b-type spiraling; the other case
is the mirror image. Suppose for the sake of contradiction that G’ admits a closed leaf L
with degree +1. Then L, together with S* x {0}, bounds an annulus into which G enters.
Therefore, G has both # type and b type spiraling. O

Lemma 2.21 (Resolution of R). Let G be a ®-horizontal C°-foliation of N type, or more
generally a foliation with a Reeb annulus and no +oof-spiraling (resp. no —oob-spimling)
curves. Then if G’ is another such foliation which has pointwise higher slope (resp. pointwise

lower slope), then G’ is Reebless and has slope +00 (resp. —o0).

\“

Figure 18: G shown in black, and a few leaves of G’ shown in red.

Proof. We treat only the case of pointwise higher slope since the other case is similar. & must
have a closed orbit in each Reeb annulus of G; make a choice of one such orbit for each Reeb
annulus and cut T? along these closed curves. The resulting annuli A1, ..., Ay alternate
between two types: As; 11 has only f#-type spiraling and has closed leaves of slope —oo, while
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As; has closed leaves of slope +oo. Inside Ag; 11, G’ does not have a closed leaf of slope —oo
by Lemma 2.20. Inside As;, G’ has only closed leaves of slope +o00; one way to see this is to
glue up As; to a torus and apply Lemma 2.18 to the foliations induced by G and G’ on the
resulting torus. Therefore, G’ is Reebless and has a closed curve of slope +oo. O

Stability results. Unlike our instability results, the following stability results in the
tangential topology will always require a preparatory C°-small isotopy. This is due to the
lack of unique integrability for the tangent line field of a C%-foliation. The key role of this
isotopy is to guarantee the existence of suitable smooth transversals.

Lemma 2.22. For any s € Q, the property of admitting a monotone curve of slope s € Q is
open in the CY,, topology on foliations of T2. The property of admitting a smooth transversal
of slope s € Q is open in the tangential topology on foliations of T?

Proof. Suppose G is a foliation with a monotone curve . Decompose -y into transverse subarcs
Vi ,vkL and subarcs ’y‘l‘, e ,7,! contained in leaves of G. Extend each ~;- slightly %“ hits
the interior of both ;- and 'Yil+1- See Figure 19. If G’ is sufficiently close to G in the CR,
topology, then %-l remains a transversal. Furthermore, G’ also has a leaf connecting a point
near the top of ’yil to a point near the bottom of 'yf;l. Concatenating these curves together
gives a new monotone curve for G’ in the same homotopy class as 7.

The corresponding statement in the tangential topology is easier: a transversal v to G

remains transverse to all tangentially close foliations G'. O

1L
%H Yi+1

%/?%/?/ |

Vi

Figure 19: Tangent and transverse subarcs of ~.

Lemma 2.23. Let v be a closed leaf of a foliation G on T? with b (resp. #) spiraling on at
least one side. Then G admits a positively (resp. negatively) monotone curve of slope s. After
an arbitrarily C°-small isotopy, G admits a positively (resp. negatively) transverse curve of
slope s.

Proof. Assume for instance that + has b spiraling on its positive side. We consider C*
coordinates (z,y) € S x [0,4) near v = S x {0}, for some § > 0, in which G is graphical. In
particular, it is transverse to the arc ¢ := {0} x [0,4). After an arbitrarily C%-small isotopy of
G near ¢, we may assume that G is smooth in a neighborhood [—¢,¢] x [0, ) of ¢ for some
e > 0, using [Bowl16a, Section 3]. The leaf of G passing through a point (0,4") for 0 < §’ < §
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sufficiently small stays in S x [0,) and comes back to ¢ at a point (0,7) for 0 < n < § by
our holonomy assumption. Therefore, it is easy to construct a C' closed curve 4/ which is
positively monotone to G near «: follow such a leaf from {e} x [0,0) to {—¢} x [0,0) and close
it up by adding a smooth arc positively transverse to G on [—¢,¢]| x [0,6). We may arrange
that the resulting C' curve is arbitrarily C%-close to v. We then apply Lemma 2.15 to slightly
modify G and 7/ to find the desired transversal; see Figure 20. O

(a) (b)

Figure 20: +' before and after the application of Lemma 2.15.

Corollary 2.24. Up to an arbitrarily CO-small isotopy, every § or b annulus admits a closed
transversal.

Corollary 2.25 (Stability of § and b annuli). Let G be a foliation with a § (resp b) annulus.
Then there is a C°-small isotopy of G to a new foliation G' whose coarse slope cannot be
decreased (resp. increased) by tangentially C°-small perturbations.

Proof. Call the § annulus A. Apply Lemma 2.15 to a component of A to obtain a C°-close
foliation G’ with a closed transversal v C A. Any tangentially C? small perturbation of G’
remains positively transverse to -, and therefore has slope at least s(G). ]

Corollary 2.26 (Stability of 1 foliations). Let G be a f-type foliation of T2. Then there is a
C%-small isotopy of G to a new foliation G' which whose coarse slope is stable to tangentially
C°-small perturbations.

Let G be a C9-foliation on T2 which is horizontal (i.e., graphical) with respect to coordinates
T2 = 5! x S; and which has positive (resp. negative) finite slope as defined above. We say
that that G is stably positive (resp. negative) (with respect to these coordinates) if any
CP-foliation G’ with TG’ sufficiently close to T'G also has positive (resp. negative) slope. While
slope is continuous in the C° topology, it is not continuous in the tangential topology. Because
of the lack of unique integrability of T'G, a foliation with positive slope might not be stably
positive, as T'G itself might be tangent to a foliation with negative slope! However, we have:

Lemma 2.27 (Stability of positive slope). Let G be a foliation on T? which is horizontal with
respect to coordinates T? = S! x S; and has s(G) > 0. Then G is isotopic, via an arbitrarily
small C%-isotopy, to a stably positive C°-foliation.

Proof. Our strategy is to modify G in order to make it positively transverse to another
graphical foliation G’ which also satisfies s(G’) > 0. That way, any foliation sufficiently
tangentially close to G will also be positively transverse to G’, and will have slope at least
s(g@") > 0.

First, smooth G in a d-neighborhood of the transversal {z = 0} by an arbitrarily small
CP-isotopy, for some & > 0, using [Bow16a, Section 3]. Let

Vi=(=6,6) xS,  W:=(-5/2,6/2) x S..
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Let € > 0 small enough, and G’ be another horizontal foliation such that
e G’ agrees with G outside of W,
¢ The holonomy of G’ from {—d} x S! to {§} x St is (a rotation of angle) —e, and
e @ is positively transverse to G’ in W.

For e sufficiently small, we have s(G’ ) > 0. Moreover, G is positively mostly-transverse to
G’, with V and W as in Definition 2.16. By Lemma 2.17, we may apply an arbitrarily small
Co—lsotopy to G and G’ to obtain foliations g and g’ such that g is positively transverse to g’
and s(g ) > 0. Hence, G has stably positive slope. O

2.5 Limits of foliations

The following lemma will justifies the definition of N type foliations and will be useful in
Section 20. The related convergence result that we prove in Section 18 below will rely on
different techniques. We will also state a generalization of this result for extended fine slopes
in Appendix C.

Lemma 2.28. Suppose we have a sequence of ®-horizontal C°-foliations G, k > 0, on T?,
converging to a ®-horizontal foliation G in the Cgol topology. Furthermore, assume that each
Gy is Reebless with slope s € R, and that (sk)r converges to some slope soo € R. Then G is
admissible, and either

e G is of N type, or
e G has no Reeb annuli and has slope s = 5.

Moreover, in the second case, if (k) is strictly increasing (resp. decreasing), then fs(G) €

{1, 8"} (resp. £s(G) € {5, 5"} ).

Proof. Let s € [—00,800) N (Q U o0). By Lemma 2.22; the property of not admitting a
positive monotone curve of slope s is closed in the CR,, topology. This property is satisfied
for G, k sufficiently large by Lemma 2.14. Therefore, it is also satisfied by G. Similarly, for
$ € (800,0] N (QU ), G does not admit a negatively monotone curve of slope s.

If G is a suspension foliation, then this non-existence of theparticular monotone transversals
above combined with Lemma 2.14 implies that s(G) = ss. If on the other hand G has a Reeb
annulus, then it is of X type since G does not admit a negatively monotone curve of slope
+00 or a positively monotone curve of slope —oo. If s is strictly increasing, then none of the
G admit a negatively monotone curve of slope so,. Hence neither does G, and it follows from
Lemma 2.23 that G must have fine slope s or s°. O

3 Contact structures

In this section, we collect elementary facts about contact structures that will be useful later.
We refer to [Etn03; Gei08; Masl14] for excellent introductions to contact geometry.

A three-dimensional positive (resp. negative) contact structure, usually denoted &,
is a cooriented 2-plane field on an oriented 3-manifold M which is “completely nonintegrable”.
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Concretely, it may be expressed as ker a for some smooth 1-form « satisfying a A dae > 0
(resp. a Ada < 0), where the sign involves the orientation on M. If OM # &, we will typically
require that £ is transverse to OM. A contact structure £ on M is overtwisted if there exists
an embedded disk in int M which is transverse to £, except along its boundary and its center.
Equivalently, there is a standard model for overtwisted disks, see [Gei08, Example 2.1.6]. A
contact structure that is not overtwisted is called tight.

Importantly, the contact condition is open in the C'-topology, and contact structures are
stable, in the sense of Gray stability: if (§¢)c[o,1) is a (smooth) path of contact structures
which is constant near 9M, then there exists an isotopy (¢¢):c(0,1] of M supported away from
OM satistying ¢;7& = & for all ¢ € [0, 1]. However, the situation is more complicated when we
allow modifications at the boundary.

By Darboux theorem, every (positive) contact structure is locally of the form ker (dz+zdy).
If T = T? is a boundary component of M and ¢ th T, we may also find a normal form of ¢
near 1"

Lemma 3.1. There exists a neighborhood U of T' and coordinates U = ’]I‘%y x (—=1,0], such
that & is defined by a 1-form ay of the form

ag=A+rp (3.1)
where \ and p are 1-forms on T? satisfying p A X > 0.

Sketch of proof. We may first find a smooth vector field X transverse to 1" and tangent to
&, and use its flow to define coordinates on a neighborhood U = ']Tg,,y x (—1,0], so that & is
tangent to 0, in this neighborhood. Therefore, it is defined by a contact form « of the form
a = A, where (A),g(—1,9 is a family of 1-forms on T? satisfying 9, A\ A A, > 0 (this is simply
the contact condition). We may write

>\r = >\0 + Tar|r:0)\7“ + 7257”7
—_——
=pu

for some family of 1-forms §,. For r close to 0, the contact condition is equivalent to uA g > 0.
We may now find new coordinates near 1" in which £ is of the desired form, either by using a
suitable reparametrization of the flow of X, or by using a version of Gray stability relative to
T. O

We now use this normal form to modify the slope of £ near T'.
Lemma 3.2 (Trim/twist). Let & and T be as above.

1. (Trim) There exists a positive contact structure & which is C*-close to & and such that
0¢ < 9¢ along T.

2. (Twist) Suppose & is ®-horizontal for some smooth nonsingular flow ® on M. For
any smooth ®-horizontal foliation G on OM satisfying G < 0€, there is a ®-horizontal
positive contact structure & with 08’ = G.

In both cases, we can arrange that £ coincides with & away from an arbitrarily small neigh-
borhood of T.
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Proof. Let U = T? x (—1,0] be a neighborhood of T' with coordinate in which ¢ is defined by
a 1-form ay is in (3.1).

For the first item, we choose a smooth cutoff function 7 : (=1,0] — (—1,0] such that
7/ >0,7=1near r =0 and 7(r) =0 for r < —1/2. Then for £ > 0 small enough, the 1-form

A+ (r—er(r)p

is a contact form whose contact structure £ coincides with ¢ for r < —1/2 and satisfies
0¢ < 9¢ along T.

For the second item, we consider a 1-form 3 on T? defining G. After rescaling, we might
decompose it as § = A + Ru for some R > 0, using the condition G < 9£. After possibly
shrinking the neighborhood U, we further assume that both A and 3 evaluate positively along
the flow lines of ® in U. We now consider the 1-form

A+ (r+7(r)R)p,

where 7 is as before. It is immediate to check that this 1-form defines a contact structure &’
transverse to @ (by convexity) and with 9§’ = G. O

Remark 3.3. Notice that the first modification can be obtained by “trimming” M along T,
i.e., removing a small tubular neighborhood of T, while the second item may be obtained by
“extending” M along T by attaching a suitable tubular neighborhood along it and twisting &
along the extension of J,.

For the purpose of studying foliations, we will consider pairs of contact structures with
opposite signs. The relationship between foliations and contact pairs was originally studied
in [CF11] and the theory was further developed by the first author in [Mas24], in the setting
of closed manifolds.

A positive contact pair on M is a pair of (cooriented) contact structures ({_, &) such
that £_ and &4 have no negative tangencies, or equivalently, if there is a smooth vector field
positively transverse to both contact structures. When OM # @&, we say that (£_,&;) is
adapted to the boundary if 9¢, is positively transverse to 9¢_ (see Figure 4).

A contact pair (§_,&4) is taut (“fortement tendue” in [CF11)) if for every point p € M,
there exists a closed loop positively transverse to both £_ and £ and passing through
p. See [Mas24] for other characterizations of tautness, which also hold for manifolds with
boundary. Moreover, we have:

Lemma 3.4. If ({§-,&4) is a taut contact pair on a closed 3-manifold, then £ and & are
both universally tight.

A proof is sketched in [CH20, Section 5], see also [Mas24, Proposition 3.2].

4 Flows

In this article, a flow is an R-action on M without stationary points whose orbits are C! and
tangent to a nowhere vanishing C° vector field. In particular, flows are tangent to OM.
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4.1 Blowup and blowdown

Definition 4.1. Let ® be a smooth flow on a closed 3-manifold M. A blowup of (M, ®)
along a closed orbit v of ® is a pair (M°, ®°), where M° is a compact 3-manifold with torus
boundary and ®° is a flow on M° tangent to the boundary, together with a map 7= : M° — M
such that

1. There exist smooth local coordinates (r, 0, ¢) around OM° (where r parametrizes the
normal direction, ¢ parametrizes the longitudinal direction, # parametrizes the meridional
direction) and cylindrical coordinates (7,6, ¢) in a neighborhood of v (where ~ lies along
{r = 0}), such that 7 has the form

m(r,0,0) = (f(r),0,0)

for some smooth function f :[0,1] — [0, 1]. In particular, 7 sends dM®° to 7, collapsing
leaves of a linear foliation on M to points.

2. m restricts to a smooth orbit equivalence between (int M®, ®°|ing pr0) and (M, @[pp\)-
We say that (M, ®) is a blowdown of (M°, ®°) along the slope ¢ = const.
This definition readily extends to finite collections of orbits of ®.

Remark 4.2. We emphasize that the blowup is generally not unique. The blowdown is unique
up to topological conjugacy, but may have different smooth models. This nonuniqueness does
not affect our results; they hold for any choice of blowup and blowdown.

®-horizontal foliations on ® survive blowup along any closed orbit one can simply put
the foliation in standard form in the local coordinates above by ®-horizontal isotopy. On
the other hand, a foliation may be blown down along slope s only if it has linear boundary
foliations, i.e., fine boundary multislope s.

Finally, a contact structure can be blown down provided that its boundary multislope
exceeds s:

Lemma 4.3 (Filling contact structures). Suppose ® admits a transverse positive (resp. nega-
tive) contact structure & (resp. £~ ) of slope s. For any rational multislope s’ < s (resp. 8’ > s)
and any blowdown ®(s’) on the Dehn filling M (s’) admits a transverse positive (resp. negative)
contact structure.

Conversely, if ®(s") admits a transverse positive (resp. negative) contact structure, then
for some s < 8’ (resp. s > s') ® admits a transverse positive contact structure of slope s.

Proof. Recall the local model of blowdown from Definition 4.1: there exists a tubular neigh-
borhood N of 0; M smoothly parametrized as ’]I‘a o % [0, 1], where 0; M lies along r = 0, the
slope s; corresponds to the line ¢ = 0, and the blowdown 7 : (M, ®) — (M (s), ®(s)) has the
form

(r,0,¢) = (f(r),0,0)

for some smooth function f :[0,1] — [0, 1].
Apply Lemma 1.4 and Proposition 2.9 to modify £ so that 0;£+ has slope > s; pointwise.
By a smooth ®-horizontal isotopy not changing 0¢.; , we may arrange that the lines 8, ¢ = const
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are Legendrians in a neighborhood of M. As in Lemma 3.2, add twisting to {4 in a
neighborhood of OM so that for rq sufficiently small, £ |,—, is a linear foliation of slope f(r)2.
Then the pushforward of £, along 7 is a ®-horizontal contact structure on the blowdown.
Conversely, if ®(s’) admits a transverse positive contact structure, we can put it in
the standard form ¢, = d¢ + r2df near each blown down orbit. Blowing up, we obtain a
®-horizontal contact structure of fine multislope s%. Trimming ¢, (Lemma 3.2) and using
the instability of fj foliations, we can increase the boundary slope of £, from s’ to s for some
s> s O

4.2 Nonwandering flows

Ultimately, we are interested in pseudo-Anosov flows and periodic flows. However, we prove
many of our results for the larger class of nonwandering flows. For some results, we will
impose additional conditions that are automatically satisfied for suitable pseudo-Anosov and
periodic flows.

Definition 4.4. Let ® = (¢;) be a (topological) flow on M. We say that ® is a nonwandering
flow if for every nonempty open set U C M and every T' > 0, there exists ¢ > T such that
a(U)NU # 2.

The following classes of flows are nonwandering:

o Topologically transitive flows,

o Volume preserving flows (by the Poincaré recurrence theorem),
o Flows whose orbits are all periodic.

Importantly, nonwandering flows are “witnesses” of tautness. Indeed, any (everywhere)
taut foliation or taut contact pair admits a transverse volume preserving flow, which is in
particular nonwandering. Conversely, we have:

Lemma 4.5. Let ® = (¢;) be a nonwandering flow on M tangent to a continuous nonvanishing
vector field X.

1. Any C°-foliation transverse to ® is taut,
2. Any contact pair (positively) transverse to ® is taut.

Proof. The proof is the same in both cases. Let C be a continuous cone field on M which
each have non-empty interior. In the case of a foliation, C' will be the positive open half space
cut out by TF, and in the case of a contact pair, C' will be the positive open cone cut out by
the two contact structures. Given a point p € M, we would like to construct a C-positive
curve (i.e., a curve whose derivative lies in C') which passes through p.

Reparametrize the flow to move at unit speed. Let U be an ¢ ball around p. Let § be
small enough that a d-cone around the line field tangent to ® is contained in C. For e small
enough, every point in ¢_105:(U) is connected to p by a C-positive path and p is connected to
every point in ¢195:(U) by a C-positive path. By the nonwandering hypothesis, there exists a
flowline of ® from 105 (U) to ¢_10s:(U). Concatenating these three C-positive paths (and
smoothing the corners) gives a C-positive curve passing through p. O
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4.3 Periodic flows

A flow @ is periodic if it has no fixed points, and there exists 7' > 0 such that ®7 is the
identity.’ Periodic flows are linear on OM, so they satisfy Zx(®) = Z(®). Periodic flows do
not in general satisfy condition BSF, but they satisfy the following weaker condition:

Definition 4.6. A flow ® is locally branched surface finite (LBSF) if for every p € R",
there is a neighborhood U of p and a finite collection of ®-horizontal branched surfaces
¥1,..., X, such that, up to the action of flow preserving homeomorphisms of (M, ®) rel
boundary, every ®-horizontal foliation with generalized boundary multislope in U is carried
by some ;. Here, a generalized boundary multislope is in K if some substitution of its N
components with real numbers lies in K.

Remark 4.7. The simplest example of an LBSF but not BSF flow is a translation flow on
T? x I. In this example, Zx(®) = Z(®) is noncompact and slopes f-oco are never achievable, but
simple adaptations of the techniques of Section 18 show that the set of generalized boundary
multislopes of foliations carried by a branched surface is a compact subset of [—o0, co]™.

Lemma 4.8. Periodic flows satisfy condition LBSF.

Proof. Let O be the base orbifold of ®. Choose a finite collection of disks D1, ..., D, covering
O so that all k-fold intersections of the disks are also disks. Given a transverse taut foliation
F, its restriction to the solid torus over @ is a trivial foliation of S' x D; (this works even
when D; crosses an orbifold singularity.) Choose a lift 52 of D; to a leaf of 7. Now Uiﬁi
intersects every flow line. Therefore, F is carried by a branched surface B whose I-fibered
neighborhood is obtained by blowing air into each of the D;’s. The intrinsic topology of the
branched surface is determined by the ordering of the D;’s over each k-fold intersection, which
is a finite amount of data. The embedding of the branched surface into M is determined up
to the action of the Mod (M, ®), the mapping class group of (M, ®). Say that a ®-horizontal
branched surface B covers A C Z(®) if A is the set of multislopes of foliations carried by
B. Thus far, we have constructed a finite collection of branched surfaces whose Mod (M, ®)
translates cover Z(®).

Any train track on T? transverse to 0y carries only slopes in a bounded subset of R™.
Therefore, any ®-horizontal branched surface covers a bounded subset of Z(®) C R™. Let
Mods(M, ®) be the subgroup of Mod(M, ®) preserving (OM,®). Since Mod(T?,d,) acts
faithfully on slopes in T? by translation, the quotient

Mod (M, ®)/ Mody(M, ®)

acts faithfully by translations on R™. Therefore, up to the action of Mod(M, ®)/ Mods(M, ®),
finitely many branched surfaces cover any bounded subset of Z(®). O

Remark 4.9. When H!(0) is nontrivial, the space of transverse foliations up to isotopy is
not compact in any reasonable sense. This is because one can perform high powers of a Dehn
twist along a vertical torus or annulus to approach a foliation containing the vertical torus or
annulus as a leaf.

5By [EpsT72], a smooth nonsingular flow on a compact 3-manifold, all of whose orbits are periodic, is a
periodic flow, and hence is diffeomorphic to a Seifert fibration.
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Remark 4.10. One can also give an analytic proof of closedness of Z(®) when & is periodic.
There is a map from isotopy classes of transverse foliations to Hom (7 (0), Homeo™ (S1)),
whose kernel is Hom (71 (0),Z). Every action of the base orbifold on Homeo™(S!) can be
upgraded to a Lipschitz action, where the Lipschitz constant is bounded by a constant
depending only on O. The space of k-Lipschitz actions on the circle is compact, hence one
can take limits of transverse foliations up to the action of H'(O). The group H'(O) acts
discretely on boundary slopes of transverse foliations, so one may conclude that Z(®) is
closed.

4.4 Pseudo-Anosov flows

A pseudo-Anosov flow is a flow on a 3-manifold locally modeled on the suspension flow of
a pseudo-Anosov surface homeomorphism. In this article, we consider pseudo-Anosov flows
on 3-manifolds with torus boundary. We always assume that & is locally modeled on the
boundary blowup near OM: |55 has 2k > 2 closed orbits alternating between attracting
and repelling, the attracting closed orbits bound unstable half-leaves, and the repelling closed
orbits bound stable half-leaves. See Figure 21.

Figure 21: A pseudo-Anosov flow near M. The unstable leaves half leaves are drawn in
purple and the stable half leaves are drawn in green.

We refer the reader to [BM25a] for general background on pseudo-Anosov flows. In this
article, we will not need precise definitions, as we will only use some special properties of
these flows. Among pseudo-Anosov flows, the easiest to study are the fully punctured
pseudo-Anosov flows without perfect fits because they are adapted for the combinatorial
machinery of veering triangulations. In particular, they satisfy condition BSF and are
N-unobstructed.

In theory, it is sufficient to study Z(®) for such flows because every transitive pseudo-
Anosov flow can be obtained from some fully punctured pseudo-Anosov flow without perfect
fits by Dehn filling along some non-degeneracy slopes. In fact, any transitive pseudo-Anosov
flow can be drilled along closed orbits to obtain a suspension flow by work of Fried [Fri83]
and Brunella [Bru95].

Theorem 4.11 ([Zun24)). If ® is a fully punctured pseudo-Anosov flow without perfect fits,
then ® is BSF; in fact, there is a single branched surface transverse to ® which carries all
d-horizontal foliations.
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Lemma 4.12. If ® is a fully punctured pseudo-Anosov flow without perfect fits, then ® is
N-unobstructed.

Proof. Suppose X is a ®-horizontal compact planar surface. The stable and unstable foliations
of ® restrict to foliations F* and F* on X. Upon capping off the boundary components
of ¥ to obtain a closed surface ¥* = S%, TF* and TF" become singular line fields, with
each degeneracy boundary contributing an index +1 singularity and each k-prong singularity,
k > 1, contributing index 1 — k/2 singularity. The Poincaré—Hopf index theorem implies that
the total index is x(3°) = 2.

If ¥ is a degenerate cylinder then the total index would be at most 1/2, which violates
Poincaré—Hopf. If all components of 0% are degeneracy, then by Poincaré-—Hopf > must have
exactly two boundary components. Thus, ¥ is a parallelism between two orbits, and ® has a
perfect fit. O

Proposition 4.13 (R filling). Let F be a ®-horizontal foliation such that 0;F is N type along
some boundary component O; M. Then F is monotone equivalent to a ®-horizontal foliation F'
which has the same generalized fine boundary multislope as F and which extends to a foliation
F'(s) on the Dehn filling of 0;M along any slope s € Q. Moreover, F(s) is transverse to an
extension ®(s) of @ to the Dehn filling. Every leaf of F'(s) is a leaf of F'; hence, if F' is taut
then so is F'(s).

Proof. Around 0;F we see a period 4 repeating pattern of annuli: Ay, As,... where Ay, is
downward-opening Reeb, Ag,+1 has only § or § annuli, Ay, is upward-opening Reeb, and
Ay has only b/f annuli.

‘ I

I

|
1w A
T S — T —
Agicr Ay Agipr Agipo Agigs

Figure 22: N pattern.

We say that a foliated annulus is a Cantor f (resp. b) annulus if its closed leaves
constitute the product of a Cantor set with S', and each complementary region is a f (resp.
b) annulus. Since Cantor sets are unique up to homeomorphisms of the interval, there is a
unique Cantor f (resp b) annulus up to topological isotopy.

We will construct F' by performing a blowup on F so that each Ag,.1 is a Cantor f
annulus while each Ayy,+3 is a Cantor b annulus. To do this, perform a trivial blowup on
the boundaries of any # or b annuli in Agy,+1 or Agpys to ensure that all these annuli are
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isolated. Then choose a countable collection of leaves {A;};>1 whose boundaries are dense in
each f annulus in A4y, 0r Agmy3. Blow up each A; to insert a § annulus along any boundary
component in Ay, 1 and a b annulus along any boundary component in Agy,43, and the
generalized boundary type of F does not change. This is always possible by perfectness
of Homeo (I) unless \; is a compact planar leaf. In the compact planar case, consider
the maximal fibered neighborhood A; x [0,1] of A;. (The maximal fibered neighborhood
cannot be a fibration over S! since one of the boundaries of A; lies on an X type boundary.)
Then A; x {0} must have nontrivial holonomy above. On some boundary component it has
weakly attracting holonomy (i.e., non-strictly decreasing, and not equal to the identity in any
neighborhood of 0.) and therefore on some other component A; x {0} has weakly repelling
holonomy above. Therefore, A\; has some boundary component where a  annulus can be added
without changing the generalized fine boundary multislope of F, and similarly some boundary
component where a b annulus can be added. Thus, the desired blowup is possible using
a representation p : m1(A\;) — Homeo, (I) with ascending holonomy near the f-permissible
boundary components, descending holonomy near the b-permissible boundary components,
and trivial holonomy around the rest.

Boi_1 Bo; Boit1
(a) Folding instructions (b) Result

Figure 23: Folding the origami pattern. Unlike our usual convention, it is better to imagine
that we are looking at dM from inside M.

We are ready to perform the Dehn filling. Imagine that 0; M is a sheet of origami paper.
Perform a mountain fold along a closed transversal in each of the &k upward Reeb annuli and
a valley fold along a closed transversal in each of the k downward Reeb annuli. (There several
topologically distinct options that work just as well; for example, one could instead perform
valley folds inside the upward Reeb annuli and mountain folds inside the downward Reeb
annuli.) Now the paper annulus may be collapsed along slope s; = p;/¢; onto a 2-complex
which is a kg-pointed star graph bundle over S! as in Figure 23. Denote the annular panels
of the origami By, ..., By as in Figure 23a. As arranged above, the restriction of ' to Bsy; is
the mirror of the foliation on Bs;11: one has a Cantor # annulus between two half f§ annuli,
and the other has a Cantor b annulus between two half b annuli. Therefore, the foliations
extend across the 2-complex.

46



We might not be able to arrange that ®|p,, matches exactly with the mirror of ®|p,, ., so
® does not immediately extend over the 2-complex. However, we can interpolate between
®|p,,., and mirror(®|p,,) with flows transverse to 7. This interpolation defines an extension
®(s) of ® across the Dehn filling. O

Remark 4.14. If we assume & is nonwandering, ®(s) might not strictly satisfy the definition
of nonwandering: it might be wandering in a neighborhood of the Dehn filling core. However,
every leaf of F'(s) extends away frow the Dehn filling core and touches a nonwandering set of
®, so this Dehn filling does not destroy tautness. Also note that ®(s) is in the same homotopy
class of vector fields as the standard blowdown described in Definition 4.1.

Remark 4.15. If ® can be arranged so that ®|p,, matches with the mirror of ®|p,,, ,, then ®
extends immediately across the 2-complex. In this case, the Dehn filled foliation is transverse
to a dynamic blowdown of ® in the sense of Mosher, see [Mos91, Section 1].

5 Leafwise smoothing of foliations

In [Cal01], Calegari showed that every cooriented topological foliation (or lamination) on a
compact 3-manifold can be topologically isotoped to a C°-foliation, whose leaves are smoothly
immersed. In the presence of a transverse smooth flow, the proof simplifies and it is possible
to make the resulting foliation genuinely transverse to the flow:

Lemma 5.1. Let ® be a smooth nonsingular flow on M, and let F be a topological foliation
on M which is topologically transverse to ®. Then F is topologically isotopic to a CO-foliation
with smooth leaves, which is genuinely transverse to ®. Moreover, the isotopy can be made
arbitrarily small, and along the flow lines of ®.

Proof. First, it is easy to smooth F locally. Indeed, consider a flow box for ® near a point
p € M, i.e., smooth coordinates (z,y, z) € [~1,1]> near p = (0,0,0) in which ® is tangent to
0. Then by assumption, the leaves of F can be realized as the (partial) graphs of a family of
continuous maps (x,y, z) — f.(z,y), which satisfy that z — f,(x,y) is increasing for every
(x,y). One can easily smooth this family in a smaller box, so that the new foliation is smooth
and genuinely transverse to ®. More precisely, we may first approximate f with a smooth
f:(x,y,2) — f(x,y,2) so that &,f > 0.7 Then, we may in interpolate between f and f with
a suitable smooth cutoff so that the resulting map f is smooth in a slightly smaller flow box
and coincides with f near the boundary of the flow box.

To obtain the desired approximation globally, we may proceed as outlined in [Bow16a,
Remark 3.3]: cover M with finitely many flow boxes, and apply the previous local smoothing
one box at a time. Notice that this operation preserves leafwise smoothness, but not transversal
smoothness. Moreover, the foliation remains graphical in each box, so that the resulting
CO-foliation is isotopic to the original one via a small continuous isotopy along the flow lines
of ®. O

Proof of Proposition O. Let ® be a topological flow on M, @4, a smooth model related by
a topological equivalence h : M — M isotopic to the identity, and let F be a topological

"Smoothing continuous increasing function is an easy task, and it can be done in families, see for in-
stance [BM25b, Appendix A.1].
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foliation, topologically transverse to ®, and realizing a boundary multislope s € ZP(®).
Transporting F along h yields a topological foliation F’ which is topologically transverse to
the smooth flow &g, and realizes the same boundary multislope s. We then apply Lemma 5.1
to F' to obtain a C%-foliation transverse to ®gy, realizing s, hence s € Z(®yy,). The inclusion
Z(®) C Z%P(®) is immediate by applying h 1. O

6 Smoothing foliations without holonomy

In this section we prove a few results about smoothing foliations without holonomy, to be
later used in the analysis of planar minimal sets in Section 8.3.2.

Theorem 6.1. Let M be a compact 3-manifold and F a taut, transversely oriented C'°
foliation of M transverse to OM and having only trivial holonomy. Then M fibers over S*,
and F is O(g)-C°-close to a smooth fibering of M.

This is proven in [KR17, Theorem 8.11] in the case where M is closed. Their proof works
verbatim when M has boundary, but we will give a brief sketch below for the benefit of the
reader. We use the same technology to prove Lemma 6.5, a smoothing lemma for measured
sublaminations.

Definition 6.2. A smooth branching lamination A on a 3-manifold M is a (branching)
foliation on a compact codimension 0 submanifold K C M such that 0K is tangent to leaves
of A except near branch loci modeled on Figure 24, and A is a smooth foliation away from
these branching points.

Any branched surface in M with a transverse measure p gives a smooth branching
lamination by thickening each sector A into a trivially foliated product A x [0, p(\)].

Definition 6.3. The interstices of a smooth branching lamination A supported on K C M
are the intersections of branching leaves with int K (or more precisely, the leafwise metric
closures thereof since we want the interstices to contain the branching locus.) The guts of A
are the closures of the components of M \ K.

Definition 6.4. Let A be a smooth branching lamination supported on K C M and let ¢
be a flow transverse to A. A Denjoy blowup of size ¢ of A along ¢ is a lamination A’
supported on K obtained by blowing air into the interstices of A such that the semiconjugacy
A — A is e-C? small.

Proof sketch of Theorem 6.1. F must be a trivial Denjoy blowup of a measured foliation. Let
A be the exceptional measured minimal set for F. Choose a branched surface B carrying A.
Up to splitting B further, we may assume that B is € flat, i.e., it has an I-fibered neighborhood
of B has a e-flat flowbox decomposition in the sense of [KR17]. In short, the condition of
e-flatness is that every flow box is much thinner in the transverse direction than in the
tangential direction. This condition guarantees that any lamination F’ carried by B is, up to
isotopy, € tangentially C° close to F.

Our branched surface B is measured, so it gives rise to a smooth branching lamination
without holonomy supported on our e-flat I-fibered neighborhood K of B. For each branch
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Figure 24: A smooth branching lamination. One of the interstices is shown in orange.

Figure 25: Shave from the horizontal boundary of K.

sector A on 0K, shave a thin neighborhood A x [0, §] away from K as in Figure 25. The newly
exposed vertical annuli are trivially foliated. Since the original foliation had no holonomy,
we can glue this up to the old foliation on the guts of A. Now we have obtained a measured
foliation F’ which is e tangentially C? close to F near B and equal to F away from B. Finally,
we can approximate the transverse measure of F’ with a smooth 1-form to obtain a smooth
foliation. O

Lemma 6.5. Suppose A is a measured sublamination of a foliation F. For any € > 0, there
a smooth branching lamination A’ supported on a neighborhood of A, and a semiconjugacy
AN — A which is e-close to the identity.

Proof. Choose an e-flat branched surface B carrying A. It is measured, so there is a smooth
branching lamination A’ supported on the e-flat I-fibered neighborhood of B. The condition
of e-flatness implies that the semiconjugacy A’ — A is e-close to the identity. O

7 Typology of minimal sets

In this section, we analyze and classify all the possible types of minimal sets for a cooriented
CP-foliation on M transverse to OM. To that extent, it is convenient to classify the topological
types of laminations on M which are transverse to M.

Each boundary component of a leaf of a lamination transverse to M is either open
(homeomorphic to R) or closed (homeomorphic to S!). Each open boundary component may
lie in a boundary component of M with irrational slope, or it may spiral on both sides
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towards two closed curves bounding an annulus (or a single curve bounding a “degenerate
annulus”) on a boundary component of M, in the fashion of a f, b, or Reeb annulus.
We first classify the possible topological types for a single leaf of such a lamination:

Lemma 7.1. Let X\ be a connected surface (i.e., 2-manifold), possibly non-compact and
possibly with boundary. Then at least one of the following holds:

1. 71 (X) remains nontrivial after capping off all the closed boundary components of \.
2. X is a compact genus 0 surface.

3. X becomes homeomorphic to R? after filling the closed boundary components with disks
and deleting the open boundary components. In that case, w1 () is freely generated by
its closed boundary components.

Proof. Let us assume that 1 does not hold, i.e., the abstract surface A\* obtained from A by
capping off all of its closed boundary components has trivial fundamental group. If A* has no
boundary, then by the classification of simply connected surfaces, it is either homeomorphic
to S2 or to R2. In the first case, compactness implies that A has finitely many boundary
components and is obtained from S? by removing finitely many closed disks, i.e., A is a compact
genus 0 surface. In the second case, A is of the type of case 3. If A® still has noncompact
boundary components, then the result of removing these boundaries is not homeomorphic to
52 since it is noncompact, so it is homeomorphic to R? as in case 3. ]

We now describe some special cases of laminations by planar surfaces on M. These will
be pathological cases to consider, especially for the finer version of the Eliashberg—Thurston
theorem with boundary in the next section.

Definition 7.2. A model T3-type planar lamination is any lamination which can be
constructed starting from an irrational linear foliation on T2, possibly splitting open some
leaves, and then possibly removing a tubular neighborhood of a transverse link to obtain
a lamination on a manifold with boundary. Similarly define a model T?-type planar
lamination.

If A is a lamination with a neighborhood which is lamination-preserving, boundary
preserving homeomorphic to a neighborhood of some model planar lamination, then we say
that A is a T3-type or T?-type planar lamination respectively.

Notice that the transverse link can have complicated topology in the guts of the lamination;
see Figure 26 for a sketch. We now classify laminations by simply connected leaves.

Lemma 7.3. Suppose that M admits a minimal lamination A with simply connected leaves.
Then either A is a homologically trivial sphere, or M is homeomorphic to a connected sum

M= M#K .. Ky,

where the K;’s are compact 3-manifolds, M' is one of S* x S, St x D?, T3, or T? x I, and
A is contained in M' and is semi-conjugate to a linear foliation on M'. In particular, A is
measured.
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Figure 26: Sketch of a model planar lamination. The transverse link may have nontrivial
topology inside the guts.

Proof. Gabai proved this result in the case where M is closed, see [Gab91] and the exposition
in [Cal07, Lemma 7.21]. We follow his argument in the case where M has boundary. If A is a
sphere, then the result is immediate: either the sphere is homologically trivial or it cuts an
S1 x 82 summand. If OA contains any closed leaf in @M, that leaf bounds a disk. Therefore,
we are in the second case S' x D2,

Now consider the case that all leaves of A are planes. Since M is a collection of tori
and JA has no compact leaves, the guts of A are all products. Therefore, we can collapse
these products to be very thin so that the boundary of the guts do not intersect M. Then
every component of the guts of A has BT and R~ homeomorphic to disks. Cut out these guts
and glue in balls to get a lamination A’ on a 3-manifold M’ whose guts are homeomorphic
to the product sutured manifold D? x I. Blow down the guts to get a minimal foliation
F'. Since F' has no holonomy, it is R-covered. Therefore, m1(M’) acts on R without fixed
points. By Hélder’s classification of such actions (see the exposition in [Cal07, Theorem
2.90]), m1(M') is free abelian and preserves an invariant transverse measure on F'. Since
F' is minimal, the invariant transverse measure has full support. By Theorem 6.1, F’ is
topologically isotopic to a smooth measured foliation, which may in turn be approximated
by a fibration ¥ — M’ — S'. Fundamental groups of fibers inject into 71 (M), so the fiber
> must have abelian fundamental group. Therefore, ¥ is a sphere, torus, annulus, or a disk.
These give the four possibilities appearing in the lemma statement. O

Corollary 7.4 (Simply connected minimal sets). Let F be a cooriented C°-foliation on M
transverse to OM (if nonempty). If A is a minimal set of F consisting of simply connected
leaves, then one of the cases in the following table holds:
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A is a compact leaf A is not a compact leaf
A= 8?2, and F is conjugate to the A is a T3-type planar minimal set, and
OM = @ | standard foliation by spheres on F is semi-conjugate to an irrational
St x §2. foliation on T3.
A = D?, and F is conjugate to the | A is a T%-type planar minimal set, and
OM # @ | standard foliation by disks on F is semi-conjugate to an irrational
St x D2, foliation on T? x I.

Proof. Apply Lemma 7.3 to A. The leaves on the horizontal boundary of A are simply
connected, so the Reeb stability theorem implies that the complement of A is trivially foliated.
Therefore, the K;’s in the conclusion of Lemma 7.3 are trivial and F is semi-conjugate to
a linear foliation on S* x 2, S' x D2, T3, or T? x I. These are the four cases in the table
above. O

We can now establish the main result of this section.

Proposition 7.5. Suppose A is a minimal lamination on M transverse to OM. Then at least
one of the following holds:

1. A has a leaf X such that w1 (\) is not normally generated by boundary parallel curves.
2. A is a compact planar surface.

3. A has a leaf with a noncompact boundary component inside a Reeb, #, or b annulus on
oM.

4. A is a T3-type planar lamination.
5. A is a T%-type planar lamination.

Proof. Given a leaf X of A, we denote by A® the abstract surface obtained by capping off the
closed boundary components of A by disks. If m(A®) # 1 for some leaf A of A, then option
1 holds. If A®* = 52, then option 2 holds. Otherwise, every leaf A of A satisfies int A\® = R?
by Lemma 7.1. If no leaf of A satisfies option 3, then every component of M is either a
lamination on T? by circles, or a lamination on T? without circles. Dehn fill the boundary
components of M of the former type to obtain a new lamination A® on a new 3-manifold
M?*. Now, A® is a lamination with all leaves homeomorphic to R?. By Lemma 7.3, A satisfies
either option 4 or option 5. O

We introduce some terminology for the various minimal sets that we will encounter.

Definition 7.6. A minimal lamination A transverse to M is nonperipheral if it is as in
item 1 of Proposition 7.5. It is peripheral otherwise. If it is as in item 3, we call it a spiral
minimal set. These definitions extend to minimal sets of foliations.
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Part 11

From foliations to contact structures and
back

In [ET98], Eliashberg and Thurston proved that any C?-foliation different from the fibration
by spheres on S' x S? on a closed manifold can be approximated by positive and negative
contact structures. This result has been extended to C-foliations by Bowden [Bow16a] and
independently Kazez—Roberts [KR17]. In [Mas24], the first author proved a converse result
on the construction of C?-foliations from suitable contact pairs, still in the setting of closed
manifolds.

The goal of this part is to extend these theorems to manifolds with toroidal boundary. In
the case of the Eliashberg—Thurston approximation theorem, we will carefully keep track of
how the boundary foliation is modified; this is perhaps the most difficult result of this article.
The converse theorem for manifolds with boundary will be reduced to the closed manifold
case by an elementary reflection trick.

8 Eliashberg—Thurston with boundary

As before, we assume that M is a connected, compact, oriented 3-manifold with nonempty
boundary OM # &.

Let F be a cooriented C%-foliation on M which is transverse to OM. Our goal is to
approximate F by positive and negative contact structures &4 with precise control over the
characteristic foliations of £+ along M. In particular, if OM is framed and F realized a
multislope s along OM, we would like to construct contact approximations realizing the
same multislope s along OM. We refer to this version of the Eliashberg—Thurston theorem
with boundary as the coarse version. It applies to any foliation F as above which is not
homeomorphic to the standard foliation by disks on S' x D?, or to a blowup of an irrational
foliation on T? x 1.

This coarse version does not allow to control the boundary type of the contact approxima-
tions along OM. For some applications, we will need a more precise result which will allow us
to improve the boundary type of the foliation, provided that certain obstructions (compact
genus 0 surfaces and T?-type planar minimal sets, see below) do not appear. We will refer
to this version as the fine version of the Eliashberg—Thurston theorem with boundary. In
particular, this will allow us to remove certain b, §, j, and Reeb regions appearing in d.F in
the unobstructed setting.

Remark 8.1. After some minor adjustments near M, one can double the foliation F on the
doubled manifold M = M Ugys (—M), and apply the standard version of Eliashberg-Thurston
theorem (for C%-foliations) to the closed manifold M, provided that F is not homeomorphic
to the standard foliation by disks on S x D? (which would yield the standard foliation by
spheres on S' x §?). This way, one obtains positive and negative contact approximations
to F on M. However, this strategy provides no control over characteristic foliations of the
contact structures along 9M, beyond C°-closeness. This is even more an issue when the
original foliation is only C?, as the boundary slope may be modified in a dramatic way.
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We now give a rough overview of the proof strategy for the coarse and fine versions.
While the fine version essentially follows the same steps, it will require a much more careful
analysis of various key ingredients; in particular, T3-type planar minimal sets will be handled
separately using new techniques.

e Step 1. First, we make compact leaves isolated by performing suitable blowdowns and
blowups. The new boundary foliation is monotone-equivalent to the original one. In the
absence of compact genus 0 leaves, we can arrange that the new boundary foliation is
obtained by blowdowns and trivial blowups, which is relevant to the fine version. This step
is very similar to Step 1 from [Bowl6a, Section §].

o Step 2. Then, we perform blowups near the (finitely many) minimal sets to create suitable
holonomy there, as in Step 2 of [Bow16a, Section 8]. While the boundary foliation is only
modified by some monotone-equivalence, more care is needed to prevent nontrivial blowups
for the fine version, in the absence of compact genus 0 leaves. Besides, T3-type planar
minimal sets will be treated separately using a rather hands on strategy.

o Step 3. We proceed as in [Bow16a, Lemma 4.1] to create nice annular fences near holonomy
curves. For the fine version we also create “toroidal holes” by drilling out neighborhoods
of some transverse closed curves in order to handle the T3-type planar minimal sets. We
further consider suitable “boundary windows” along M (including on the newly created
toroidal boundary components). We then remove neighborhoods of the annular fences to
obtain a certain type of manifold with boundary and concave corners that we call manifolds
with (annular boundary) fences and (boundary) windows. Crucially, we will arrange that
every point in the resulting manifold can be connected to a boundary fence or window by
a smooth curve tangent to the foliation.

o Step 4. Adapting techniques developed in [Bow16a], we modify the foliation along ribbons
connecting fences and windows to the “genuine” boundary components and improve the
boundary foliation along the latter, at the expense of also modifying the foliation along
the boundary fences and windows. The reader should think of the fences and windows as
“drains” which absorb the modifications at the genuine boundary along the ribbons.

o Step 5. We can now apply a suitable version of the main result of [Bow16a] to approximate
the foliation and obtain a contact structure which dominates the boundary foliation obtained
from Step 3 along the genuine boundary components (after possibly making it slightly
worse inside of the windows).

e Step 6. Finally, we extend the approximating contact structures by filling the annular fences
as in [Bowl6a, Lemma 5.6]. We also fill the toroidal boundary components corresponding
to the T3-type planar minimal sets using the results in Section 8.3.4 below.

Remark 8.2. One key aspect of [Bow16a], which goes back to [E'T98], is to approximate
the foliations by confoliations and propagate the contactness to the entire manifold. In this
language, our strategy can be phrased as follows: first find holonomy away from OM and
produce bubbles of contactness there. Then propagate contactness towards M which will
improve the slope of 0F as in Figure 27.
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(a) (b)

Figure 27: 27a shows a smooth confoliation F which is a foliation near M. The contact region
is shown in red tones and the foliated region is shown in yellow. Propagating contactness
towards OM as in 27b improves the slope of O.F.

However, the notion of CY-confoliation from [Bow16a] is rather ad hoc and quite subtle to
manipulate. The strategy outlined in the main text above has the advantage of completely
bypassing the use of C?-confoliations, except in Step 5 which closely follows [Bow16a]. &

8.1 Manifolds with fences and windows

In this section, we develop the main technical tools involved in the proof of both the coarse
and the fine versions of Eliashberg—Thurston with boundary. One main result is a rephrasing
(and slight extension) of the key technical steps from [Bow16a]. We also use similar techniques
to improve boundary foliations in suitable settings. To this end, we will drill parts of the
manifold (annular boundary fences) where the foliation has a certain type of holonomy, and
consider special regions along the boundary (windows) where the foliation is standard. We
then use variations of smoothing ribbons from [Bowl6a] to “twist” the foliation along the
ribbons and transport modifications of the genuine boundary components to those drilled
regions and to the windows. This will allow us to make the boundary foliation “better” than
the original one, except inside the windows where it will become slightly “worse”. These
modification will take place on what we call manifolds with fences and windows.

Definition 8.3. A 3-manifold with annular boundary fences and boundary windows, or
manifold with fences and windows for simplicity, is a manifold with boundary and
(concave) corners M, of the form M \ N, where M is a usual 3-manifold with boundary (and
without corners), and N is a disjoint union of codimension-0 submanifolds with boundary
and corners, disjoint from dM, and diffeomorphic to S' x I x I. It also comes with the data
of windows which are subsets of OM, two types:

e A square window is a smoothly embedded squares I x I inside a component of M,
which is not a fence,

e A toroidal window is a an entire boundary component of 0M; which is not a fence.
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Moreover, we require that the windows are pairwise disjoint.

When M has other boundary components than the fences (which will typically be the
case for us), we denote by 0,M, the union of the boundary fences and toroidal windows, and
by 0. M. the union of the genuine boundary components, or facades, i.e., the ones coming
from M in Definition 8.3 which are not toroidal windows. By definition,

OM, = 0, M, U 0. M,

We further denote by 92" M, the union of the boundary fences, and by 9*°* M, the union of
the toroidal windows, so that 9,M, = 9*" M., U 9" M.

We will typically assume that 0, M, is a disjoint union of tori. We denote by A1, ..., A C
OM the annular fences of M., and by Wy, ..., Wy C 0,M_ the boundary windows. We will
also consider standard neighborhoods (and coordinates) of those fences and windows:

Definition 8.4. Let M, be a manifold with fences and windows.

o A standard neighborhood of the annular fence A C 9,M; is a neighborhood N(.A) of the
form S x [—1,2]?\ (S* x (0,1)?) with smooth coordinates (z,vy,2). It only intersects
OM along A.

e A standard neighborhood of the boundary square window W C 0, M, is a neighborhood
N(W) of the form [—1,2] x I x [—1, 2] with coordinates (x,y, z), in which W corresponds
to [0,1] x {1} x [0,1]. It only intersect OM along [—1,2] x {1} x [—1,2] and is contained
in the component of d, M containing W there.

e A standard neighborhood of the boundary toroidal window W C 0, M, is a neighborhood
N (W) of the form W x [0,1], = T2 , x [0, 1], in which W corresponds to W x {1}

For a choice of pairwise disjoint standard neighborhoods and coordinates around the
annular fences and windows of M., we write

k l
N2 = NA), N =JNW;), No=N"UN™ (8.1)
i=1 j=1

We also write

4
No(Wj) = NW;) N 8. M,  Ny™:= [ Ny™ = NV N0, M.. (8.2)
j=1

Definition 8.5. Let F, be a cooriented C%-foliation on a manifold with fences and windows
M. We say that F_ is adapted to the boundary of M, if it is transverse to OM,, and there
exist pairwise disjoint standard neighborhoods and coordinates of the fences and windows
such that

o In N(A;), F, is tangent to 0,, positively transverse to 0, (i.e., horizontal), and it is
— Positively transverse to 9, in S' x I x [1,2)

— Negatively transverse to d, in S* x I x (—1,0],
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o If W is a square window, then in N(W;), F is the standard horizontal foliation by
(x,y)-planes. In particular, it is smooth there. If W; is a toroidal window, we only
require that 7, is tangent to 9, in N(W;).

Using techniques from [Bowl6a, Sections 3—4], it is furthermore possible to apply an
arbitrarily C°-small isotopy of F., near the annular boundary fences to make them wery nice,
as well as smooth in a neighborhood of

N"(A;) = S x [0,1] x ([-1,0] U [L,2]). (8.3)
We also write
Nh = LkJ N"(A;). (8.4)
=1

‘We will need one last definition:

Definition 8.6. F, is called 0.-transitive if every point in M, can be joined to a boundary
fence or the interior of a window by a smooth curve tangent to F,.

8.1.1 Improving J.-transitive foliations

The next technical result allows us to improve the boundary foliation along the genuine
boundary components on manifold with fences and windows in a controlled way, provided that
the foliation is J--transitive. More precisely, we first allow to make the boundary foliation
slightly worse inside of the windows, and then improve it everywhere. The modification is
modeled as follows:

Definition 8.7. Let G denote the standard horizontal foliation on the neighborhood N (W) =
[-1,2]2 , of the square window W = [0,1]%, i.e., G is tangent to 9,. Let x € {f,b}. A
» modification of G in N(W) is a smooth foliation G* on N (W) satisfying

e TG* is either tangent or transverse to T'G; it is positively transverse if x = # and

negatively transverse if x = b,
e G* coincides with G near ON (W),

e G* is transverse to G in a neighborhood of W.

Such a modification can be obtained by considering a modification 9, + f(x, 2)9, of 0y,
for some function f which vanishes near N ()V), is nowhere nonnegative (resp. nonpositive),
and is positive (resp. negative) near W. This function can be chosen arbitrarily C*° small, so
the resulting modification G* can be made arbitrarily C° close to G.

Proposition 8.8. Let M, be a manifold with fences and windows, and let F,, be a C°-foliation
on My adapted to OMy and O,-transitive. Furthermore, let O F, (resp. NF. ) be an arbitrarily
small b (resp. §) window modification of OF,.

Then F,, can be CO-approzimated by C°-foliations on M,, still adapted to OM.,,, which are
positively (resp. negatively) transverse to foliations isotopic to &°F, (resp. 0*F,) along the
facades in 0, M.

Note that we do not impose any control along the toroidal boundary windows beyond
the C%-control. The main tool in the proof is an adaptation of the smoothing ribbons
from [Bowl16a].
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O-ribbons. We fix M, and F, as in the statement of Proposition 8.8. We also consider an
auxiliary smooth vector field Z transverse to ., tangent to 0, M, and which coincides with
0, in the standard neighborhoods of the fences.

Definition 8.9 (0-ribbons). A system of d-ribbons adapted to Z is a finite collection of
pairwise disjoint smoothly embedded strips R,, = o, x [—1,1] C M, such that

o The arcs o, x {1} are tangent to the foliation F;,, and each ribbon is transverse to J,
and tangent to Z,

« For the initial point p,, of o, the interval p; x [—1,1] lies on 0, M, away from Né"’in,
and for the end point ¢, the interval ¢, x [—1, 1] lies either in the interior of a vertical
side of an annular fence, or in the interior of a window. Moreover, R,, intersects M,
along these intervals only, and transversally.

We further require that the ribbons are tangent to 0, inside of V.

This system is 9-full if for each point p € 0.M., the leaf of 0F, passing through p
intersects interiors of initial intervals of d-ribbons, or interiors of windows, on both sides of p.

If R, = 0y, % [—1,1] is such a d-ribbon, we denote by 0" R,, = o; x {—1,1} its horizontal
boundary and by 0" R, = {pm, qm} X [—1, 1] its vertical boundary.

The 0--transitivity property allows us to connect points on 0, M, to the fences and windows
along the leaves of F. As a consequence, we have:

Lemma 8.10. If F, is O.-transitive, then there exists a O-full system of d-ribbons for JF,
adapted to Z.

Proof. The proof closely follows the strategy from [Bow16a, Section 7], which is itself based
on Vogel’s article [Vogl16]; we only highlight the main ideas and refer the reader to these
articles for further details.

The first step is to construct a finite collection of (not necessarily disjoint) 9-ribbons
satisfying the listed properties using a compactness argument, by joining points on the facade
components of 9, M, to the fences and windows along smooth curves tangent to F,, and using
the flow of Z to create ribbons passing through those curves. Then, these ribbons can be
made pairwise disjoint by making them transverse and resolving the intersections as explained
in [Bowl16a, Section 7]. During this last operation, the d-fullness property is preserved. [

Proof of Proposition 8.8. Let M, and JF; as in the statement of the proposition, and let
R = {R,,} be a J-full system of ribbons provided by Lemma 8.10.

Let & F, be a small b window modification of OF., so that OF, is positively transverse to
d" F, inside of the square windows.

We can proceed as in Step 3 of [Bowl6a] and smoothen F; in small pairwise disjoint
neighborhoods of the ribbons, via an arbitrarily C°-small isotopy of F.. The resulting C°-
foliation, denoted by F., is still adapted to the fences and windows. Along the facades of
05 M, these modifications happen away from Ngi“ (since the foliation is already smooth in
NY1 50 the foliation can be preserved there), so we may perform them on & F., as well and
we denote the resulting boundary foliation by OF,.
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Figure 28: Ribbons (yellow), fences (red), windows (blue).

Let us consider a 0-ribbon R,,, € R, together with a small (closed) neighborhood of the form
N(Ry,) = [9,0] x0j x[-1—6,146] for some small § > 0, such that F. is a product foliation in
N(R.,). More precisely, we write N (R,,) = [0, 0], X0 x[-1—0§,14+6], = 0; xR; so that F. is
tangent to [—0, 8], x 0 x {z} for z € [-1—4,146]. On the rectangle R; = [—4, 0] x [-1—4, 1+],
we consider a smooth foliation Gy satisfying:

e TGy is either tangent or positively transverse to the standard horizontal foliation,
e Near 0Ry, Gy coincides with the standard horizontal foliation,
o In Rs/o C Ry, Go is positively transverse to the standard horizontal foliation.

Furthermore, we may arrange that Gy is arbitrarily C°-close to the standard horizontal
foliation. We may now modify F, by replacing it with 0 % Gy inside of N(R,,). Performing
this operation along all the d-ribbons, we obtain a new C%-foliation ]i* which is arbitrarily
C%-close to F, and such that along 0,M., dF " is mostly (positively) transverse to 8°F..
Moreover, choosing these modifications small enough ensures that ]’-:D‘F is still adapted to the
boundary, after smooth change of coordinates in the neighborhoods of windows.

Finally, we apply Lemma 2.17 and modify .7?; near 0, M, to make it positively transverse
to a foliation which is isotopic to 8F,, and which is itself isotopic to dF,, via C°-small
isotopies. While the boundary foliation is slightly modified in the standard neighborhood
of the windows and might not be smooth anymore, it can easily be corrected by a C%-small
isotopy preserving the transversality condition, and one easily constructs new coordinates

near the windows in which the resulting foliation is horizontal. The resulting C°-foliation
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Figure 29: Twisting along a thickened ribbon.

satisfies all the desired requirements and the proposition is proved in the “positive” case. The
“negative” case is obtained similarly. O

8.1.2 Approximating J.-transitive foliations

We restate one of the main results in [Bow16a] on the approximation of transitive foliations
in our current setting. The main difference is that in [Bow16a], the author does not drill out
the annular fences and does not consider boundary components nor windows. However, the
overall strategy works mutatis mutandis.

Proposition 8.11 ([Bowl6a]). Let M, be a manifold with fences and toroidal windows,®
and let F, be a C°-foliation on M, adapted to the boundary and O.-transitive. Then F. is
CC-approzimated by positive and negative contact structures.

Proof. We closely follow Step 3 from [Bowl6a, Section 8] and explain how the strategy needs
to be modified in our setup. The main difference is that in [Bow16a], the author considers
annular fences A; which are embedded annuli in the manifold, and considers a slightly smaller
annulus A} C A; as well as standard neighborhoods N(A}) C N(A4;). In our setting, the
reader shall imagine that the neighborhood N(A}) has been removed from the manifold,
and the neighborhood of the corresponding boundary fence N(A;) shall be identified with
N(A;) \ N(A]). Recall that F, is assumed to be tangent to 9, in N(A;), so it is essentially
a product foliation there, except that the two induced foliations on the vertical sides of the
fence might differ. Recall that in the chosen standard neighborhoods of the windows, the
foliation is the standard foliation by horizontal planes.

The vertical parts of the annular boundary fences may be made very nice as in [Bow16a,
Section 4], via some CY-small isotopies.

We may extend M, slightly along 9'°* M., by adding a small collar and extending JF,, by a
product there (after some arbitrarily small C%-isotopy near 0" M, to make it tangent to a

8We don’t technically need square windows for that statement, as we do not impose any control over the
boundary foliation beyond a tangential C°-control.
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smooth vector field transverse to 9%°"M,,). We denote the extended manifold by M, and we
treat the new boundaries as toroidal windows.

Proceeding as in the first paragraph of Step 3 of [Bowl6a, Section 8], we consider a
sufficiently fine triangulation of a complement of a small neighborhood of M+ which covers
ON, and 9" M., in general position with respect to F., and with the chosen coordinates in
the neighborhood of the fences and windows, as in the first paragraph of Step 3 of [Bow16a,
Section 8]. This triangulation can then be modified into a polyhedral decomposition as
in [Bowl6a, Lemma 6.3].

We then smoothen F_ near the 1-skeleton exactly as in the second paragraph of Step 3
of [Bowl6a, Section 8§].

Now, we can choose a full collection of smoothing ribbons as in the third paragraph of
Step 3 of [Bowl6a, Section 8], with the only difference that the ribbons in [Bowl6a] are
technically allowed to cross the regions N(A}) which are missing in our setup, and we also
consider ribbons ending in the interior of the windows. However, the 0,-transitivity condition
ensures that we can still connect every point in M, to the interior of a vertical annulus in
ON?Z", or to the interior of a window as before, and the construction of a full collection of
ribbons as in [Bow16a, Definition 7.1] goes through. We may further arrange that these
ribbons are tangent to 9, in the standard neighborhoods of the annular fences.

The rest of Step 3 of [Bowl6a, Section 8] goes through essentially verbatim, as all the
modifications happen away from N(A}), so they can be performed on M7 in our setup.
We may start the contact approximation by adding contactness in neighborhoods of N/
defined by Equation (8.4), so that the contact structure there is tangent to 9,. We then apply
twisting along the ribbons to create contactness, “correct” the holonomy around the polyhedra,
and fill them with an appropriate contact structures. Notice that some modification also
happens along 9" M, but this is not relevant for our construction as we only want a contact
approximation of F, on M, without fine control at the boundary.

We obtain a (positive) contact structure £ defined on a neighborhood of

(M, \ N.)UN" c M+,

which is moreover tangent to d, in N3", and which is arbitrarily CP-close to T'F,. This contact
structure may be extended to M, by applying a very small twisting along 0,. This concludes
the proof. ]

8.2 Coarse version

In this section, we adapt the strategy of Bowden [Bowl6a] to the case of manifolds with
boundary and prove:

Theorem 8.12 (Coarse Eliashberg-Thurston with boundary). Let F be a cooriented C°-
foliation on M transverse to OM . Assume that F is neither homeomorphic to the standard
foliation by disks on S' x D?, nor to a foliation on T? x I semi-conjugate to an irrational
foliation.

Then for every € > 0, there exists a positive (resp. negative) contact structure which
is e-C%-close to TF and which dominates a 1-dimensional C’O—foliation G on OM which is
monotone equivalent to OF .
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In this theorem, the contact approximations might not dominate OF itself, but they
dominate a foliation G on M obtained from OF by small Denjoy blowups and blowdowns,
and CY-small isotopies. Notice that G depends on ¢ a priori. Nevertheless, this readily implies:

Corollary 8.13 (Boundary multislope). Under the hypothesis of Theorem 8.12, if F has a
well-defined boundary multislope s, then it is approrimated by positive and negative contact
structures realizing the same boundary multislope s.

As mentioned before, this coarse version does not allow to control the precise boundary
types of the contact approximations, only their multislopes. However, this is enough for most
of our applications.

We note that the hypotheses on F in Theorem 8.12 are necessary for the purpose of
approximating foliations with contact structures:

Lemma 8.14. 1. The standard foliation by disks on S' x D? cannot be C°-approzimated
by contact structures with boundary slope 0 for the standard boundary framing.

2. An irrational foliation F on T? x I cannot be CO-approzimated by contact structures
realizing the same boundary slopes as F.

Proof. We first argue that there is no contact structure on S!' x D? transverse to the S!-
direction and with slope 0 along 9(S! x D?). Indeed, such a contact structure would have
a closed characteristic along 9(S' x D?) which would be a Legendrian curve bounding an
embedded disk, implying that it is overtwisted. However, a horizontal contact structure on
S x D? is necessarily tight, see for instance [Vog16, Theorem 2.27].

More generally, if F is a C''-foliation by disks on S! x D?, then there exists a smooth
diffeomorphism ¢ : S' x D? — S! x D? such that ¢(F) is transverse to the S!-direction.
Indeed, there exists a C' diffeomorphism sending F to the standard foliation by disks, and
any smoothing of it satisfies the desired conditions.’

To prove the second item, we may assume that F is a product G x I, where G is an
irrational foliation on T2 = S! x S'. In particular, it is transverse to the the first S* factor.
We now assume by contradiction that such an approximating contact structure exists. Then,
“trimming” the boundary yields a contact structure £ with strictly better boundary slopes,
which we can arrange to be rational and realized by linear characteristic foliations. Then,
F can be approximated by a smooth foliation by cylinders C transverse to the S* direction.
After passing to a finite cover and applying a suitable diffeomorphism, we may assume that C
coincides with the foliation {pt} x S! x T on T? x I, that ¢ is still transverse to the first S*
component, and that ¢ has positive slope along each boundary component of T? x I. We may
fill one boundary component with a solid torus and extend &, so that the resulting manifold is
diffeomorphic to S' x D?, and the resulting contact structure is transverse to the S' direction
and has positive slope along the boundary. We may twist it along the boundary to achieve
slope 0, which contradicts the previous item. O

Remark 8.15. Perhaps surprisingly, the previous lemma fails for C%-foliations. Indeed,
there exist C%-foliations by disks on S x D? which are approximated by contact structures;
however, our proof shows that those are necessarily overtwisted. In fact, one can construct

9Note that this step might fail for C°-foliations!
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a C%foliation by spheres on S! x S? which can be approximated by positive and negative
contact structures (although this is impossible for C''-foliations). The idea is to start with the
standard foliation by spheres, and consider a transverse torus 7" given by the product of S*
the the equator of S2. Then, one may modify the foliation near this torus in order to insert
a ghost Reeb component as in [CKR19]; the resulting C%-foliation F is still a foliation by
sphere, but T'F is tangent to T', while T" is not a leaf of F. Furthermore, F is approximated
by foliations on S x S? with two Reeb components glued together along their boundaries. In
particular, this foliation may be approximated by positive and negative contact structures.
Puncturing the resulting contact structures along one or two S! factors yield approximating
contact structures to C9-foliations by disks on S x D?, and to C-foliations by cylinders on
T? x I. We may use a similar strategy to modify an irrational foliation on T2 x I by inserting
a phantom Reeb component, so that it can be approximated by C%-foliations with the same
boundary foliations but with a torus leaf. Then, Theorem 8.12 applies to the latter foliations
and provides contact approximations with the desired boundary slopes.

However, note that the above foliations with phantom Reeb components may also be
CP-approximated by smooth foliations (by disks on S' x D?, and irrational on T2 x I'), which
cannot be approximated by contact structures with the required boundary slopes. In some
sense, those pathological C?-foliations are not “stably approximable” by contact structures.

8.2.1 Making compact leaves isolated

We adapt the argument from Step 1 in [Bow16a, Section 8] to the case with boundary. We
state a version that will also be useful later when we discuss the fine version.

Lemma 8.16. Let F be a cooriented CO-foliation on M transverse to OM. Assume that no
leaf of F is a disk. Then it can be C°-approzimated by C°-foliations which have finitely many
compact leaves, and whose boundary foliations are monotone-equivalent to OF.

If F has finitely many compact genus 0 leaves, we can further arrange that the new boundary
foliation is obtained from F by some blowdowns followed by trivial blowups, supported away
from the boundaries of compact genus 0 leaves and T?-type planar minimal sets.

Proof. As in Step 1 of [Bow16a, Section 8], there is a finite collection of (smooth) embeddings
Ny =3k x [0, cx] — M, where ¢ > 0 and ¥, is a compact surface (possibly with boundary)
so that each Ny is a foliated I-bundle, 9, Ny, := 3 x {0, cx } are leaves of F, and every compact
leaf of F is contained in some Nj. Furthermore, any two Np’s only intersect along their
horizontal boundaries 0, Ni. We can assume that these Ni’s are arbitrarily thin, after suitable
subdivisions. We shall distinguish three cases depending on the topology of Y:

1. ¥ is closed, in which case it has positive genus by Reeb stability (recall that OM # @
is a union of tori),

2. Y has nonempty boundary and positive genus,
3. X has nonempty boundary and genus 0.

The first case is handled exactly as in Step 1 of [Bow16a, Section 8]: replace the interior
of Nj, with a C%-foliation without closed leaves. This operation does not modify the boundary
foliation.
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For the second case, we proceed similarly but the boundary foliation is modified. Using
an elementary commutator trick, we can modify it in a controlled way and realize a linear
boundary foliation (i.e., a foliation by closed circles) on N. Indeed, it is easy to construct a
fixed-point free action of (%) on Homeo™ ((0, 1)) which restricts to a trivial action along 9%y,
by constructing such an action of Z? = 71 (T?) first (it suffices to pick a single homeomorphism
of (0,1) without fixed points), attaching trivial handles and puncturing it.

Finally, in the last case, we are forced to modify the boundary foliation in a less controlled
way. However, we can achieve that the new boundary foliation in Ny as one # annulus, one b
annulus, and all the other boundaries have § annuli.

In all those cases, the modification of the boundary foliation 0F can be described as a
blowdown immediately followed by a blowup. In case 2, the blowup is moreover trivial. [

8.2.2 Inserting holonomy
We now adapt the arguments from Step 2 of [Bow16a, Section 8].

Definition 8.17 (Infinitesimal holonomy). Let F be a cooriented C%-foliation on M, and
v : 8! — L be a smooth closed curve tangent to a leaf L of F, inducing a holonomy map

h:(—e,e) = (—1,1)

for some € > 0. We say that F has infinitesimal attracting holonomy around ~ if for
every open interval {0} C I C (—¢,¢), there exists a smaller open interval {0} C J C I such
that

h(J) C J.

Technically speaking, the holonomy map h is only defined as a germ and up to conjugation,
but the notion of having infinitesimal attracting holonomy is well-defined and only depends
on the homotopy class of v inside of L. This notion is equivalent to the one of sometimes
attracting holonomy from [Bow16a, Section 5], but we prefer to use a different terminology.

Definition 8.18. Let F be a cooriented C°-foliation on M transverse to M and with finitely
many compact leaves. We say that F has enough (infinitesimal) holonomy if each of its
minimal sets has a curve with infinitesimal attracting holonomy.

Similarly as in [Bow16a] in the closed case, we can always modify a foliation F on M by
some arbitrarily small C?-perturbation so that the resulting foliation admits plenty of curves
with attracting holonomy:

Lemma 8.19. Let F be as in the setup of Definition 8.18. Moreover, assume that F is
not semi-conjugate to an irrational foliation on T? x I. Then F can be C°-approzimated by

CO-foliations with enough holonomy, and whose boundary foliations are monotone-equivalent
to OF.

Proof. We closely follow the strategy of Step 2 of [Bow16a, Section 8§].

Let A be a minimal set of . By Corollary 7.4 and our assumptions, A has a leaf Ly which
is not simply connected. Let v C Ly be an embedded homotopically nontrivial curve with a
corresponding holonomy map h : (—e,e) — (—1,1), where h(0) = 0 corresponds to =.
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If h has a unique fixed point (after possibly shrinking ¢) or has germinally nontrivial
holonomy on both sides of Ly, we proceed exactly as in Case I and Case 2 in [Bowl6a] and
perform an appropriate blowup of Ly to create infinitesimally attracting holonomy around
two parallel copies of 7. Note that the number of minimal sets may increase in this procedure.
If Lo intersects M, the new boundary foliation is a blowup of 0F, and it remains unchanged
otherwise.

The third and remaining case, when A has a nontrivial interval of fixed points containing
0, is slightly more subtle.

Following [Bow16a], we consider the leaves near Ly intersecting a neighborhood of «y. If
the curves parallel to v in those leaves are all leafwise homotopically trivial, we claim that Lg
is either a torus or a cylinder. Indeed, we may consider the doubling of F along 0M, together
with (a connected component of) the doubling Lo of Ly whose nearby leaves satisfy a similar
property. Using [Bow16a, Proposition 2.9], we deduce that Eg is a torus, which implies our
claim. Moreover, the holonomy assumption on h prevents Lg from being an annulus since it
is an isolated compact leaf. Therefore, Ly is an isolated torus leaf and must admit another
homotopically nontrivial curve with nontrivial holonomy on both sides; this falls into the
previously considered cases.

We may now blow up countably many leaves near Ly to create infinitesimal attracting
holonomy around . If A is not minimal, we choose these leaves away from the (finitely many)
minimal sets of F, so that no new minimal set is created. Otherwise, if A is minimal, one
blowup creates germinally nontrivial holonomy around v on both sides, and we may then
blowup Lg as in the previous cases. Once again, the boundary foliation is only modify by
some monotone-equivalence, and these blowups can be performed so that the new foliation is
arbitrarily C%-close to F. O

Remark 8.20. We will need to be much more careful later in the proof of the fine version of
the Eliashberg—Thurston theorem with boundary, as we won’t be able to perform arbitrary
blowups that might alter the boundary foliation in uncontrolled ways.

8.2.3 Proof of Theorem 8.12

Let F be a C-foliation on M as in the statement of Theorem 8.12. After applying Lemma 8.16
and Lemma 8.19, we obtain another C%-foliation F which is C%-close to F , whose boundary
OF is monotone-equivalent to dF, and which has finitely many compact leaves and enough
holonomy.

We may now create annular fences as in Step 2 of [Bow16a, Section 8], which are embedded
annuli Aq,... A inside of M and disjoint from the boundary, constructed near holonomy
curves. We may further assume that the heights of these annuli are very small, since the
holonomy curves we consider have infinitesimal attracting holonomy. We can then find
very nice neighborhoods of the A4;’s as in [Bow16a, Section 4], and remove slightly smaller
neighborhoods to create annular boundary fences as in Definition 8.3. We denote by M, the
resulting manifold with fences (and without windows). The induced CO-foliation F, on M, is
adapted to the boundary of M, by definition, and coincides with F along 0, M. We can now
apply Proposition 8.8 to obtain a new C?-foliation F Ft on M., C%-close to .7-"D, whose (genume)
boundary is moreover positively transverse to a C%-foliation G on M which is isotopic to OF.
We can further apply Proposition 8.11 to obtain a positive contact structure on M, which is
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arbitrarily C%-close to ]?j ; in particular, we can arrange that it is still positively transverse
to G along 0.M.. Finally, we can fill the annular holes using [Bow16a, Lemma 5.6] to obtain
a contact structure on M with the desired properties along dM. Notice that in that last step,
the distance between the contact structures and F in the filled annular holes depends on the

height on the annuli, which was already chosen to be very small. O

8.3 Fine version

In this section, we prove the second item of Theorem A from the introduction, namely, the
“fine” version of the Eliashberg—Thurston theorem with boundary. We will actually prove a
slightly more general result which allows compact planar leaves and T2-type planar minimal
sets, at the expense of making the boundary foliation slightly “worse” near some boundary
components of those sets. This controlled modification is explained in the following definition.

Definition 8.21 (f and b modifications). Let G be a cooriented C?-foliation on the 2-torus T2,
and p € T2. We choose a smooth closed arc ¢ transverse to G and containing p in its interior.
After some arbitrarily small C isotopy, we may assume that G is smooth in a neighborhood
of ¢, and we choose coordinates N(c) = (—¢,¢), X (—2,2), near ¢, in which c is identified
with {0} x [-1,1], p = (0,0), and G is tangent to 0.

Let h: [-1,1] — [—1, 1] be a smooth diffeomorphism satisfying

e h >id (resp. h <id),
e h =1id near 0[—1,1],
e h>id (resp. h <id) on [-1/2,1/2].

We modify G in (—¢/2,¢/2) x (=2,2) C N(c) so that the parallel transport along the
leaves of G from left to right is h, and moreover the new C%-foliation G is everywhere either
tangent or positively (resp. negatively) transverse to 0, in N(c). Choosing h sufficiently
CO-close to id, we can further arrange that TG is C%close to TG.

We call the resulting C%-foliation a f (resp. b) modification of G near the point p. This
modification can be made arbitrarily C%-small and close to p.

Remark 8.22. If p and ¢ belong lie on the same leaf of G, then a sufficiently small § (resp. b)
modification of G near p is isotopic to a f (resp. b) modification of G near ¢, via a small C°
isotopy. Indeed, we can first smooth G along a leaf segment containing p and ¢, and work in
appropriate smooth coordinates near there.

Definition 8.23. A compact planar leaf or a T?-type planar minimal set of F is stable if it
has a closed boundary curve with infinitesimal attracting holonomy. Otherwise, it is called
unstable.

Theorem 8.24 (Finest version of Eliashberg-Thurston). Let F be a cooriented C°-foliation
on M transverse to OM with finitely many compact planar leaves. Let Ly, ..., Ly, denote its
unstable compact planar leaves, and let A1, ..., Ay denote its unstable T?-type planar minimal
sets. For each of those, choose a boundary point p; € OL; C OM and q; € OA; C OM.

Then F can be C-approximated by positive (resp. negative) contact structures which
dominate some foliation G on OM , obtained from OF by the following operations only:
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e Isotopies,

o Blowdowns and blowups of type /8 (resp. /) away from the boundaries of the afore-
mentioned minimal sets,

o b (resp. ) modifications near p1,...,Pm,q1,-- -, qk-

Moreover, all of these operations can be made arbitrarily small, so that G is tangentially
CY-close to OF.

We emphasize that the foliation G depends on the size of the contact approximations; it
cannot be chosen uniformly for all contact approximations a priori. In the absence of unstable
compact planar leaves and T?-type planar minimal sets, we obtain:

Corollary 8.25. Let F be a cooriented C°-foliation on M transverse to OM without compact
planar leaves nor T?-type planar minimal sets. Then F can be C° approzimated by positive
and negative contact structures which dominate some foliation G on OM which is isotopic to
OF, via a C°-small isotopy.

Under the hypothesis of the corollary, if 7 has a well-defined boundary type, then it can
approximated by (positive and negative) contact structures with the same boundary type, as
in the second item of Theorem A.

Remark 8.26. In general, unstable compact planar leaves and T?-type planar minimal sets
constitute obstructions to finding dominating contact structures for OF, up to isotopy, since
we might not be able to add attracting holonomy near them, see Lemma 8.28 below. However,
they might not always be obstructions in practice: a foliation with such minimal sets might
still be approximable by contact structures dominating its boundary foliation (or rather a
different boundary foliation isotopic to it).

Before diving to the proof, let us explain how to refine the previous arguments in the
proof of the coarse version to this finer setting. The main difference is that we are only
allowed to add holonomy near minimal sets in a very controlled way, so that the boundary
foliation is modified in the desired way. We need to distinguish five different types of minimal
sets as in the flowchart in Figure 30. The most delicate type of minimal set to deal with is
the T3-type planar type, as the leaves have minimal topology. However, there is a precise
local model of those that can be used to modify them by drilling a transverse curve, thus
creating a new boundary component (the maypole) along which the foliation has slope 0, and
modifying the foliation near the minimal set so that the new foliation has positive slope along
the maypole. We may then use this boundary component as a toroidal window for the contact
approximation, before filing it at the end of the proof.

8.3.1 Inserting controlled holonomy

Recall from Definition 7.6 that a minimal set A of F is nonperipheral if it has a leaf A
such that 71 () is not normally generated by boundary parallel curves, as in the first item of
Proposition 7.5. Otherwise, we say that it is peripheral.

Definition 8.27. We say that F has enough nonperipheral (infinitesimal) holonomy if
each of its nonperipheral minimal sets admit a curve with infinitesimal attracting holonomy.
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it. Fill the maypole at
the end (Lemma 8.37).

Figure 30: Operations on the different types of minimal sets. Actions in blue do not affect

the boundary type in a harmful way, while the red one does.




Lemma 8.28. Let F be as in the setup of Definition 8.18, and let T be the union of its
peripheral minimal sets. Then F can be C-approzimated away from Y by C°-foliations with
enough nonperipheral holonomy, and whose boundary foliations are obtained from OF by
blowdowns followed by only § and § (resp. § and b) blowups. In particular, the peripheral
minimal sets remain unchanged.

Proof. This is a variation on the proof of Lemma 8.19. We perform similar blowups, with
precise control over the type of blowups we allow. For that, we need to be particularly careful
about the curve we choose to add holonomy along.

If ¥ is a connected orientable surface with boundary, we denote by 7?(X) < m () the
normal subgroup generated by its boundary components. We have a short exact sequence

1 — 71)(2) — 1 (D) — 1 (D) — 1, (8.5)
where 3* is obtained from ¥ by capping off its closed boundary components by disks.

Let A be a nonperipheral minimal set of F. By definition, it admits a leaf L and an
embedded curve v C Lo such that « is nontrivial in 71 (Lg). As in the proof of Lemma 8.19,
we consider the holonomy h of F around ~.

If this holonomy is nontrivial on both sides of -, we proceed as before: we blow up Ly
and insert the appropriate holonomy near v. Moreover, this can be achieved so that the
boundary foliation is only modified by a trivial blowup. Indeed, the blowup of L is essentially
determined by a representation p : w1 (Lg) — Homeo™ (I), and we can choose it so that it
factors through c as

—2 5 Homeo™ (1)

N

m1(LY)

where p® sends ¢(7) to the appropriate homeomorphism of I. This ensures that the image of
0 under p is trivial.

We now assume that the holonomy A is trivial on an interval containing 0. As in the
proof of Lemma 8.19, we may assume that in all the leaves near v where h is trivial, the
corresponding parallel curve is noncontractible, and that these leaves are noncompact. Let
L be such a leaf, with a corresponding curve 7/ with trivial holonomy. By Lemma 7.1, we
consider two cases:

(a) m(L*) £ 1.
(b) 71 (L*) =1 and 7(L) = 7 (L) is free.
Let us consider Case (a) first. If ¢(v') itself is nontrivial, we proceed as before to add
holonomy around 4/, while adding only trivial holonomy at the boundary. Otherwise, c(v')
is trivial and 4/ € 7(L). Since 4/ bounds a disk in L®, we can write it as a finite product

~' = B1f2 ... By of classes represented by boundary components of L with their orientations
coming from the orientation of L.
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We claim that there is a representation p : m1 (L) — Homeo™ (I) such that all the p(5;)
are # (resp. b), so that h' == p(7’) has no interior fixed points, and p applied to the other
boundary components of L is trivial. After cutting L along 7/, we might assume without
loss of generality that +/ itself is a boundary component of L. Moreover, since 71 (L®) # 1
by assumption, L must have a puncture or a handle. Let 8 C L be an embedded curve
bounding such a puncture or handle, and let 5’ be an embedded curve on L such that +/, j,
and B’ bound a pair of pants P C L. In particular, for appropriate choices of orientations,
we have 3’ = 3+/. Let X be the subsurface bounded by f disjoint from P, which is either a
once-punctured disk or a torus with one boundary component, and let ¥’ be the subsurface
bounded by ' disjoint from P. We may define p as above so that p(8) = (h’)~!, and the
restriction of p on 71(3') is trivial. Indeed, it is trivial to define p that way on 71(X) if ¥
is a punctured disk, and it follows from a standard commutator trick it is a handle; see for
instance the proof of [Bowl6a, Lemma 2.16]. Now that p(8') = p(8)p(7') = id, we readily
extend it by the identity on 71(X’), and our claim is proved.

Figure 31: Decomposition of the leaf L.

In Case (b), m1(L) is freely generated by its boundary components, and +' is a product
of oriented boundary components with all the same orientations. We may simply perform a
blowup of L inducing only £ (resp. b) blowups along its boundary components, making the
new holonomy around ~' nontrivial.

As in the proof of Definition 8.18, if F is not minimal we perform such blowups near
countably many leaves near Ly which are away from the minimal sets of F, creating germinally
nontrivial holonomy on both sides of v. We may then blowup Ly itself to create infinitesimally
attracting holonomy, while only creating trivial blowups at the boundary. If F is minimal, we
only perform one such blowup along a nearby leaf, making the holonomy germinally nontrivial
on both sides of v, followed by a blowup along Lg as before. O

8.3.2 T3-type planar minimal sets

The goal of this section is to prove Proposition 8.34, which informally says that we may modify
the foliation in a small neighborhood of a T3-type minimal set, after drilling a thickened closed
transversal (a maypole), so that the new foliation has positive or negative slope along the new
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boundary component, in a suitable framing. This operation has the effect of destroying the
minimal set by perforating it, and the slope condition allows us to “add contactness” there by
treating the new boundary component as a toroidal window. These boundaries will eventually
be filled by appropriate contact structures at the end of the proof.

Let us first warm up to the general case of T3-type minimal sets by starting with the
simpler example of a rational linear foliation on T3; while it is not strictly speaking a T>-type
planar minimal set, et serves as a good enough approximation. In this case, one could even
write down an explicit formula for a contact perturbation, but we follow a different strategy
based on a cut and paste construction that will generalize well to more complicated minimal
sets.

The existence of contact structures on T® is closely related to the fact that the commutator
of two homeomorphisms of the circle can have positive rotation number. We will need a
quantitative version of this fact:

Definition 8.29. For f € Homeo™ ([a, b]), we say that f is e-strongly ascending if f(a+¢) >
b—e.

Lemma 8.30 (Commutator trick). Let N be an even positive integer. Let
Homeo},(R) :== {f € Homeo, (R) | V2 € R, f(z+ N) = f(z)+ N}.

Let 0 < e < 1/100, and suppose f, g, f, and g are four elements of Homeo},(R) satisfying
the following properties:

(a) f has N fized points x1,...xn (and possibly other fized points as well) and g has N
fized points y1,...yn,

(b) z;€ (i—e,i+e),
(c) yi€ (i+05—¢e,i+05+¢),

(d) On the interval [x;,x;11], if i is odd then f is e-strongly increasing. For i even, f is
e-strongly increasing,

(e) On the interval [y;,yi+1], if i is odd then g is e-strongly increasing. For i even, g is
e-strongly increasing.

Then Gfgf has positive translation number (in fact, a translation number > 2).
Proof. By the strongly ascending property, we have the following inequalities:
o f(i+2e) >i+1—2¢ for i odd,
e g(i+0.5+2¢) > i+ 1.5 — 2¢ for i odd,
o f(i+2e)>i+1—2¢ forieven,

e G(1+0.5+2¢) >i+ 1.5 — 2¢ for i even.
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S

Figure 32: The product gfgf drawn as a concatenation of horizontal foliations on R x [0, 1].
The strongly-ascending constraints imply the existence of the orange leaves which in turn
force the translation number of the product to be positive.

See Figure 32. Combining these inequalities, we find that for ¢ odd,
Gfgf(i+2e) >i+25—2> (i+2€)+2.
Therefore, §fgf has translation number greater or equal than 2. O

The next example illustrates how to use the previous commutator trick to produce a
concrete confoliation approximating a rational foliation on T3. While we will not directly use
this construction in the rest of the article, it serves as an insightful warm up and highlights the
strategy of the proof of Proposition 8.34. Recall that a (positive) confoliation is a (smooth)
plane field £ of the form £ = ker o, where the 1-form « satisfies o A da > 0.

Construction 8.31. Let F be the foliation of T? tangent to ker(dz + p1/qdx + pa/qdy),
where p1, p2 are integers and ¢ is a nonzero integer. We will construct a C°-small perturbation
of F to a confoliation which is contact in a neighborhood of the z-axis.

Let P be an e-neighborhood of the z-axis. We will colloquially refer to P as the maypole,
for many ribbons will be affixed to it. Choose some integer N > 1/&? which is an even multiple
of q. We now define 2N parallelograms Rj,..., Ry, S1,...,Sy which we call ribbons. For
1 <i< N, R; is a trivially foliated parallelogram with two sides on P and two sides on the
line segments

. -
{(t,O,Z—l—qt),Ogtgl} and {(t,O,H—i—qt),Ogtgl}.
N pm N m
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The S; are similarly defined parallelograms in the yz plane with a QLN offset: S; is bounded
above and below by the line segments

{(t,O,ﬂ—i—it),Ogtgl} and {(t,0,2+1/2+it),0§t§1}.
N D2 N D2

See Figure 33.

Thicken each ribbon R; to width €, so that it a trivially foliated box R; x [0, €] of dimensions
~1x1/N x e. Since N >> 1/£2, these thickened ribbons are actually much thicker than they
are tall. However, there is plenty of room to accommodate their thickness on the maypole
since the maypole has width ~ . Now replace the foliated R; x [0, €] by a new foliation with
agrees with the old one on all the faces of R; x [0,¢], except the ones which touch the maypole.
We choose this foliation so that for even ¢, the holonomy from R; x 0 to R; x 1 is e-strongly
ascending, and for odd i the holonomy from R; x {0} to R; x {1} is e-strongly descending.
See Figure 34. Since R; is much thicker than it is tall, we can choose the new foliation so that
it is C° close to F. Perform the same operation on the S;’s. Let F’ be the resulting foliation
on T3\ P.

The restriction of F to P is modified near where the ribbons attach, in a way so that the
holonomy around 0P satisfies the conditions of the commutator trick (Lemma 8.30). Thus,
F’ has positive slope along OP. We may now fill P with a contact structure by radial twisting
to obtain the desired confoliation. <&

Figure 33: The maypole as well as some of the ribbons. The R;’s are drawn in red and the
S;’s are drawn in blue. Note how the red ribbons are offset from the blue ribbons by half a
unit. Note also that even ribbons line up with even and odd ribbons line up with odd.

Here are some adjustments that need to be made in order to generalize Construction 8.31
to arbitrary T3-type planar minimal sets:

1. The foliation may have irrational slope, so the ribbons might not line up with multiples
of 1/q. However, if we choose a good enough rational approximation using Dirichlet’s
theorem (see Theorem 8.32 below), then the ribbons will nearly line up. The commutator
trick Lemma 8.30 is robust enough to deal with small height mismatches in the ribbons.
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Ry x [0,¢]
R3 x [0, €]
Ry x [0, ¢]
Ry x [0,¢]

Figure 34: Replacing the foliation on R; x [0, €.

Figure 35: There is freedom in the embedding of the maypole and the ribbons.

Another approach closer to the original argument of Kazez—Roberts [KR17] would be to
try to replace the T3-type minimal set with a new set having rational slope. However, in
the generality we seek, there would be additional complications to insert the foliations
of the guts into the interstices of this new foliation with rational slope.

. The minimal set might have complicated guts. Therefore the pole might need to swerve
in order to stay in an e-neighborhood of the minimal set. The individual ribbons might
also need to swerve to avoid the guts. See Figure 35.

. The invariant transverse measure for the T?-type minimal set might be different from
the Lebesgue measure. The ribbons need to be of height 1/N with respect to the former
measure, and of height < e with respect to the latter measure. This will be achieved by
taking N much larger than 1/e.

. The holonomy around the pole at the end of our small perturbation might not be smooth,
so we must take more care in filling the pole with a contact structure. This is filling is
achieved in Lemma 8.37.

Theorem 8.32 (Dirichlet’s approximation theorem, simultaneous version). Given real numbers
i, ...,aq and a natural number A then there are integers p1,...,pq,q € Z,1 < q < A such
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1

- qu/d'

Di
oy — —

q

See [Sch80, Corollary 1B] for a proof.

Definition 8.33. Let F be a C°-foliation on M with a T3-type planar minimal set A, and
e > 0. A maypole green of size < ¢ for A is a triple & = (N, ~, P) where

e N is an open neighborhood of A of size < ¢,
e v C N is a closed loop transverse to F,

e P C N is a closed tubular neighborhood of v equipped with a smooth coordinate system
with respect to which F is the product foliation by disks.

We call P the maypole with core ~.

—
—

Figure 36: A maypole green. N is shown in green. Note that P intersects leaves of F in disks.

Note that for € > 0 small enough, the neighborhood NN is disjoint from the other minimal
sets of F.

Proposition 8.34. Let F be a CV-foliation on M with a T3-type planar exceptional minimal
set A. For any e > 0, and after an arbitrarily C°-small isotopy of F whose size is independent
on e, there exists a maypole green & = (N,~, P) for A of size < e (with a smooth framing of
P) such that for every § > 0, there exist two C°-foliations ]-"(;i on M \ int P such that

. ff coincide with F away from N and near OM,
. T]-"(;i is e-close to TF everywhere, and d-close to it near OP,
. fgt has positive (resp. negative) slope along OP in the chosen smooth framing.

In particular, for ¢ small enough, the minimal sets of .7:§t disjoint from P correspond to
minimal sets of F, and fgt coincide with F near those.

Proof. The construction proceeds in three steps.
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e« Step 1: smoothing the minimal set. Since A is a T>-type planar minimal set, A is a measured
lamination. Using Lemma 6.5, F is semi-conjugate to a branching foliation Fprqnep With
a smooth branching sublamination Ap,anch, and Fpranch is €/10 tangentially close to F.
Moreover, there exists a smooth branching lamination A,,eg. on T2\ N(L) for some link
L such that

1. After filling in L, Ao blows down to a smooth irrational foliation Ay, of T3,

2. There is a smooth inclusion

u: (Tg \ N(L), Amodel) — (M, Abranch)-

Since the guts of A,,oqe; in T2 are balls and L is a link, a neighborhood of guts(A,,oqe)UN (L)
is homeomorphic to a handlebody H C T? intersecting every leaf of A,,,qe; in a collection
of disks. In sum, we obtain a diagram

(M, F)

: v

(TS \ f_l(H)v Alzn) — (TS \ H Amodel) Ry (M7 fbranch)

where

1. 7 is the blowdown from F to Ay,
2. wu is a smooth embedding,

3. f is a (smooth) diffeomorphism.

o Step 2: finding the maypole and the ribbons. We consider standard coordinates (z,y, 2)
on T3. Without loss of generality, we may assume that Ay, is transverse to d,. Up to
changing the diffeomorphism f, we may shrink the handlebody f~!(H) to lie in a small
neighborhood of an embedded graph I'. By an isotopy of I', we can arrange that it is in
general position with respect to {0} x {0} x S! and the tori {x = 0} and {y = 0}. We
now define v;;, C T3\ f~1(H) to be {0} x {0} x S! and declare Pj;, to be a small closed
tubular neighborhood of ~;;, diffeomorphic to a solid torus transverse to Aj;,. Transport
Yiin and Py, from (T3 \ f=Y(H), Ayn) to (M, F) by the composition 771 o u o f to obtain
~v and P.

Then, smooth v and F in a neighborhood of P by an arbitrarily C°-small isotopy, so that
there are smooth coordinates P = Dz,e X Sé in which the leaves of F are of the form

D? x {pt} and ~ lies along {r = 0}. Let 7’ be a new foliation on M which is topologically
isotopic to F, fitting into the diagram

(M, F) (M, F)

~ b

M —Fbranch)

—1

where 7’7" is a blowup satisfying the following properties:
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1. 7~ is a blowup of size o > 0, where ¢ will be chosen small enough later,
2. 7' preserves P along with its product structure; in particular, 7 and F’ coincide in P,

3. F'is ¢/10-tangentially close to Fpranch, and therefore e-tangentially close to F.

We are now ready to attach ribbons to the maypole Py,. Let a1 and a9 be the slopes
of Ay, ie., the numbers such that Ay, is tangent to ker(dz 4+ ;3 dx + asdy). Using
Theorem 8.32, we may choose rational numbers p; /N and py/N so that

_bi

Ll =o(1/N), (3.6)

Q;

and N > 1/e%. Now we attach ribbons { R} U {S¥"} of width 1/N in (T3\ f~1(H), An)
as in Construction 8.31, except that whenever I" passes through the {z = 0} torus or the
{y = 0} torus, the ribbons simply make a small detour around I" while remaining embedded
and disjoint.

Finally, we transport { R¥"}U{SH"} from (T3\ f~1(H), Ayp) to (M, F) by the composition
7'~ owuo f to obtain {R;} U {S;}. Since 7/~! is a blowup of size o, it modifies the ribbons
by a o-C?-small isotopy.

Step 3: perturb F' along the ribbons. We construct a new foliation F+ on M \ int P
from F’ as follows. First, we smooth F’ along each of the ribbons, and perform the
modification from Construction 8.31 which cuts open along these ribbons and reglues with
alternating strongly ascending or strongly descending holonomy. By Equation (8.6) and
taking o < 1/N so that the blowup 7/~! does not modify the ribbons too much, the ends
of the ribbons line up closely enough on P that the holonomy of FT around OP satisfies
the hypotheses of Lemma 8.30. That lemma tells us that the holonomy of F around 0P
is ascending, for the given choice of smooth coordinates.

We now check that our perturbations are as small as claimed. We already know that
Foranch is e-close to F. Then, the heights of the ribbons depend on the maps u, f, as well
as the parameters N and . However, we are free to choose N and o after choosing u
and f. For any § > 0, taking N sufficiently large and o sufficiently small ensures that the
ribbons all have height less than 6. Thus, we can arrange that F* is tangentially d-close
to F'. In turn, TF' is e-close to T'F and equal to it near OP. Thus, F ' has the desired
approximation property. The construction of F~ is similar. 0

8.3.3 Opening windows on spiral minimal sets

Lemma 8.35. Let G be a sharp, flat, or Reeb C°-foliation on the annulus A = S* x [0,1].
Let p € intA. For every e > 0, there exists a § (resp. b) modification of G near p which is
isotopic to G via an e-C°-small isotopy.

Proof. Without loss of generality, we may assume that G has contracting holonomy around
S x {0} € A. We proceed in 3 steps.

e Step 1: preparation of G. Using Lemma 2.23, we may perform an arbitrarily C%-small
isotopy near S! x {0} such that G admits a (smooth) transversal v in a neighborhood
Us = S x [0,8) of that boundary curve for some small § > 0. By construction, v is
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horizontal, i.e., transverse to the vertical intervals {s} x [0,d), s € S'. We may assume
that p ¢ Us, so that G is not modified near p. By slight abuse of notation, we still denote
by G the modified foliation.

Step 2: b/f-modification. Since p is connected to a point ¢ € Us \ V below 7 along a leaf of
G, we may as well perform the b/ modification near ¢; see Remark 8.22. We can further
arrange that the resulting foliation G is still very nice in Us, by making this modification
extremely small.

Step 83: correction. We now claim that for a sufficiently small choice of § > 0 and
sufficiently small choices of C%-isotopies and b/# modifications as above, G is isotopic to G
via a C%-small, graphical isotopy.

By construction, the subset of A where G and é differ is contained in the connected
component W of A\ v containing S* x {0}, and both of these foliations are graphical
in the sub-annulus As := S x [0,6). Since v C Aj is transverse to both G and ?, we
can use it to parametrize the leaves of these foliations in A, in the following sense. Let
m:As =R x [0,0) = A denote the universal cover of As, and 5 C As the universal cover
of 4. Since v is horizontal, we parametrize it as a graph s — (s, f(s)) € S x [0,4), and
identify it with S!. We lift it to a parametrization z + (z, f(x)) of 4. Then, there exist
two continuous families of C! functions g, : [z, 00) — (0,0) and g, : [z,00) — (0,9), z € R,
such that g,(z) = () = f(z), and the leaf of G (resp. G) passing through ~(s) = (s, f(s)),
s € 81, is the image under 7 of the graph of g, (resp. g.), where 7(x) = s. By construction,
g and g, coincide near x, and satisfy the periodicity condition

gzo—i-l(x) = Gxg (.T - 1)7 ./g\ro-i-l(x) = ?710 (.’E - 1)7

forall zo € Rand z > zo + 1.

We then define

9y =79s+ (1= T7)Gs
for all 7 € [0,1] and x € R. The graphs of these functions define a family of C-foliations
interpolating between G and G on W, after adding the leaf S* x {0}, and can be extended
to a family G, of CY-foliations on A since this family is constant and coincides with G near
7. By all the previous choices and the properties of linear interpolations, G, is a C°-small
graphical isotopy between G and G , as desired. ]

Remark 8.36. In the language of Section 8.1, the previous lemma allows us to open a square
window near the point p and apply a small f of b modification there, while only changing the
foliation by an arbitrarily small C%-isotopy.

8.3.4 Filling the maypoles

Lemma 8.37. Let P := D? x S! denote the solid torus endowed with its natural Fuclidean
metric. We write H :== TD? x {0} for the horizontal plane field on P.

There exists a constant C > 0 such that the following holds. Let € > 0 and let €5 be a

germ of contact structure near OP C P such that

o &y ise-close to H,
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o The slope of £y along OP is positive.

Then, there exists a contact structure & on P such that
e & coincides with £ near OP,
e & is Ce-close to H.

Proof. We sketch the main steps of the proof. We will write “< £” to mean “< Ce” for some
constant C' independent of € and 5.

Let € > 0 and &y near 0P satisfying the hypotheses of the lemma. We will construct a
foliation D on P by horizontal disks such that the boundary of each disk is transverse to &g,
and the distance between TD and H is < e. Then, the desired extension of £y is obtained by
twisting along the disks in D radially.

Let G4 denote the characteristic foliation of £y along OP. It is horizontal and has positive
slope by assumption. We construct a foliation by horizontal circles Dy on 0P which are
transverse to G4 and stay at distance < e from the horizontal line field Hy := H N 9P on OP.

Let g : S' — S denote the holonomy of G around O P, where we identified S = {1} x St C
OP. Then by assumption, g > id (this inequality makes sense since ¢ is very close to id), and
lg(t) —t| < e for all t € S*.

Let X be a vector field spanning TG of the form

X =0, + f(x,t) Ot,

where we identify 0P = S! x S}. Note that |f(x,t)| < & by assumption. For § € [~2¢,0], we
consider the vector field X5 := X — § 9, which is transverse to X. Then X_o. is tangent to
a horizontal foliation on P with descending holonomy, denoted by G_, and by a standard
continuity argument, there exists § € (—2¢,0) such that Xs has a closed orbit of slope 0;
denote this orbit by v. Note that « is transverse to both Gy and G_ (with opposite signs),
and both v and G_ are at a distance < ¢ from Hy. We now construct a horizontal foliation
by circles on OP containing « and which is transverse to G+ and G_, with appropriate signs.
The latter condition also ensures that it will stay sufficiently close to Hyp.

We now cut 0P along y to obtain a cylinder C' bounded by two copies of v, v— and 4.
Since G is transverse to both y_ and ~4 and has positive slope, we can find a diffeomorphism
@ :C — S x[0,1] such that

p(1-) =5" x {0},  o(v4) = 5" x {1},

and .G is the vertical foliation by intervals {u} x [0, 1] on St [0,1],. Setting G_ = ¢.G_,
then G_ is tangent to a vector field of the form

X(u, v) = Oy + h(u,v) 0y,

where h(u,0) > 0 and h(u,1) > 0 for all u € S'. Moreover, every flow line of X starting
on S! x {0} reaches S' x {1}. Therefore, there exists a “graphical” diffeomorphism 1 :
St x [0,1] — S x [0,1] preserving the vertical foliation by intervals, and sending G_toa
foliation which is transverse to both the vertical foliation by intervals and the horizontal
foliation by circles. Pulling back the latter foliation by circles along 1 and then along ¢ yield
a foliation by circles on C extending +y, satisfying the desired transversality conditions. It is
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then easy to extend it to a smooth foliation by circles on 9P, which is transverse to G+ and
at a distance < ¢ from Hy. We denote it by Djy.

Now that Dy is constructed, it is easy to extend it to a foliation by disks D on P with
the desired properties, using some cutoff function. Finally, £5 can be extended by choosing a
“radial” vector field tangent to D and tangent to g near P and twisting towards the center
of each disk. The strategy is fairly standard and the details are left to the reader. O

8.3.5 Proof of Theorem 8.24

Let F be a cooriented C%-foliation on M as in the statement of the theorem. We focus on
constructing a positive contact approximation with the desired properties along OM. We will
modify the foliation in many sequential steps; at each step, the induced modification can be
made arbitrarily C°-small, independently of the previous steps. We will carefully keep track
of how the boundary foliation is modified in the process.

Making leaves isolated. First, we make (nonplanar) compact leaves isolated using Lemma
Lemma 8.16. The boundary foliation is modified by blowdowns and f blowups supported
away from the boundaries of compact planar leaves and T?-type planar minimal sets.

Creating holonomy. Then, we create holonomy near nonperipheral minimal sets using
Lemma 8.28. The boundary foliation is modified by only f and § blowups supported away
from the boundaries of compact planar leaves and T?-type planar minimal sets, but could
accumulate there. We denote the resulting foliation by F; .

Drilling maypoles and twisting the foliation. Now, we drill maypoles through the
T3-type planar minimal sets as in Proposmon 8.34 to obtain a manifold with more boundary
components M C M and a foliation ]:+ on M which is arbitrarily C%-close to F4+ on M,
whose minimal sets disjoint from the maypoles coincide with minimal sets of F,, and which
coincides with F near those. Moreover, each component P of 8||M =M \ OM comes with

smooth coordinates P =2 S. x S! in which 6f+ is e-close to J,, for an arbitrarily small € > 0,
and f+ has positive slope along P in those coordinates. After some arbitrarily C°-small
isotopy of }"+ near P, we may further _arrange that its slope is stably positive by Lemma 2.27.
Near the boundary components of M coming from M, ]-"+ and JF coincide.

By construction, every point in M can be joined to either 8||M or to an arbitrarily small
neighborhood of a minimal set of 7, which is not a T3-type planar minimal set.

Drilling boundary fences and opening windows. We now create annular boundary
fences and windows to apply Proposition 8.8. For the fences, we first construct attracting
annular fences for the nonperipheral minimal sets, which admit curves with infinitesimally
contracting holonomy by construction, exactly as in [Bowl6a, Section 4]. These annular
fences are embedded annuli whose core are curves with infinitesimally attracting holonomy,
and whose top and bottom boundaries are positively transverse to the foliation. Note that
we can make these fences arbitrarily thin in the z direction. After some arbitrarily small
CY-isotopies, we can arrange that F, is smooth near boundaries of the fences, and we can
remove neighborhoods of the fences to produce boundary annular fences as in Definition 8.3,
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so that F is adapted to the boundary fences as in Definition 8.5. For the windows, we choose
points on M C M for each spiral minimal set, which lie on the boundary of leaves in the
interior of a f, b, or Reeb annulus, and we create windows near them by some arbitrarily small
CY-isotopies of F, making it smooth near those points. We do the same near each chosen
point in the boundaries of the compact planar leaves and T?-type planar minimal sets. We
treat the components of 8||M , corresponding to the maypoles, as toroidal windows.

Improving boundary foliations and contact approximation. We have now constructed
a manifold with fences and windows M, from M , such that the foliation F, induced by (the
small modifications of) F is adapted to the boundary of M, and is moreover 0,-transitive.
Applying Proposition 8.8, we approximate F, by a C9-foliation F, whose boundary foliations
have stably positive slopes along the components corresponding to the maypoles, and are
positively transverse to foliations which are isotopic to arbitrarily small b-modifications of
OF4 in the windows. For such a boundary component C', which is a boundary component of
M, we denote by G the corresponding foliation on C' transverse to 0F,. By Lemma 8.35,
we can ignore the b-modifications occurring at the boundaries of spiral minimal sets. Then,
treating the boundary components containing square windows as toroidal windows, we can
apply Proposition 8.11 to obtain a positive contact structure & on M, which is arbitrarily
CP-close to ]?D, which has positive slopes along the components of dM, corresponding to
maypoles, and which induces characteristic foliations positively transverse to G¢ along the
other boundary components which are not fences.

Filling the boundary fences and maypoles. By construction, we can assume that the
boundary annular fences are arbitrarily thin, and that &, is arbitrarily close to the standard
horizontal foliation in the chosen smooth coordinates near the maypole boundary components;
we can therefore apply [Bowl6a, Lemma 5.6] and Lemma 8.37, respectively, to obtain a
contact structure & on M which is C°-close to F, and whose boundary characteristic foliation
is positively transverse to G¢ along each component C' of 9M. By construction, Go is obtained
from F by only applying the listed modifications in the statement of the theorem, and the
proof is finally complete. O

9 Converse to Eliashberg—Thurston with boundary

Let us recall some notions from [Mas24], which immediately adapt to the case of manifolds
with boundaries.

Let £_ and &, be cooriented contact structures on M which are negative and positive,
respectively, and transverse to M. We associate to the pair (£_,£;) a smooth vector field X
called the axis of the pair as follows. First, we choose contact forms a4 for &4 satisfying the
balancing condition

oy Nday = —a— Ado_ = dvol > 0,

for some auxiliary volume form dvol, and we define X by
txdvol = a_ A ag.
While this a priori depends on the choice of dvol, an immediate computation shows that any

other volume form yields the same vector field X. Moreover, it satisfies:
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« {X =0} ={- =& = A,
o Away from A, - M &L = (X).

Recall from Section 3 that the contact pair (£_,&y) is positive if along A, £ and &, agree
with the same orientation (hence opposite coorientations). Equivalently, it means that there
exists a smooth flow positively transverse to both &4.

Let ® be a nonsingular nonwandering flow on M tangent to M. The main result of this
section is

Theorem 9.1 (Converse of Eliashberg—Thurston with boundary). Let (§—,&+) be a positive
contact pair on M transverse to OM and positively transverse to ®. Assume that the axis X
of (€—,&4) points inward along M. Furthermore, let G be a smooth foliation on OM which is
transverse to ®|gns and which is dominated by E_|gpr and 4 |opnr along OM .

Then, there exists a taut C°-foliation F on M transverse to ® and to OM, such that OF
s a blowup of G.

In fact, we construct a branching foliation transverse to ® and dM, whose restriction to
OM is tangent to T'G. We will then “separate its leaves”, which might modify its restriction
to the boundary, but the resulting (genuine) foliation will be semi-conjugate to G and not
necessarily isotopic to it.

While the proof in [Mas24] for the closed setting could be adapted to this setting with
boundary without too much complication, we will instead use a reflection trick to reduce to
the situation without boundary.

The construction of foliations in [Mas24] holds for more general positive contact pairs,
see [Mas24, Theorem B|. A similar result would hold in our setup with boundary, but we
focus on the case of positive pairs transverse to a nonwandering flow as it is closer to the
main applications of the present article.

9.1 Reflection trick

In this section, we extend the contact pair to the doubling of M along its boundary to obtain
a positive contact pair on a closed manifold, in order to apply the main results of [Mas24].
We fix a nonwandering flow ® and positive contact pair (£_,&;) as in Theorem 9.1.

The flow of X gives coordinates [—1,0], x dM near OM, where we identify {0} x OM
with M. In those coordinates, £+ are of the form

f:l: = <8.,-> @ gﬂ:!:

for family of line fields (£F), on M which are twisting positively /negatively as 7 increases.
Dually, we choose smooth 1-forms « and 5 on OM such that kera = TG and oo A § > 0, and
there exists maps fi : [—1,0] x 9M — Ry such that

ax = Fa+ fif
is a contact form for £&1. Note that the contact conditions are simply
Or f+ <.

We now modify fi, hence {4, near {0} x OM, into fi :[=1,0] x OM — R satisfying

82



® 8Tf:l: < O’
e fi=f+near {—1} x OM,
e fir=—7 near {0} x M.

We then set R R

a4+ = ta+ fi0, &4 =keray.
In the collar region, the new axis X is of the form X = hd;, where h < 0, h~1(0) = {0} x OM,
and h = 27 near {0} x OM.

We can now extend (E,, §+) to the doubling of M along its boundary, denoted by M. We
have a canonical inclusions

M C M =MUgy (-M),  C:=[-1,1]x dM C M.

Note that on —M, & (resp. £_) becomes a negative (resp. positive) contact structure.
Therefore, we can glue &, (resp. £_) on M to &_ (resp. &) on —M and with reversed
coorientation to obtain a positive (resp. negative) contact structure & 4 (resp. £ )on M. In
the collar C, they admit contact forms

oy =ta+ [0,

where R
— {fi(l‘ﬂ') if 7 <0,

fal@,m) = —J?;(x, —7) if 7> 0.

In particular, the axis X of (£_,£,) satisfies X = 270, near {0} x 9M C C.
By construction, ({_,&,) is a positive contact pair which is moreover tansverse to the
doubling ® of ®, which is still nonwandering. Moreover, along {0} x M, we have

€ ltoyxom = &y loyxom = TG. (9.1)

We are now in the situation of constructing a C°-foliation on a closed 3-manifold M from
a positive contact pair (£_,&, ), which is the setup of [Mas24]. Recall that any such pair has
an associated unstable plane field defined as the common limit

7= lim (pl).Es. 9.2)

t—+o0

Here, 7 is a continuous plane field which is tangent to X and invariant under its flow. A
direct computation using the special form of X in the collar and (9.1) further shows that it is
tangent to G in the collar region C' = [—1,1] x M. In summary, we have proved:

Proposition 9.2. There exists a positive contact pair (E_,a) on M, the doubling of M,
which is transverse to ®, and whose unstable plane field 71 satisfies

n=(0;)®TG (9.3)

in the collar region C.
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Remark 9.3. While the construction of (£_,¢ ) involved some choices of modifications of
(£-,&4), the resulting unstable plane field 77 does not. Indeed, it is prescribed in the collar
region, hence in the union of all the flow lines of X intersecting the collar region, and away
from it, it is uniquely determined by (9.2) with X = X.

We obtain another useful byproduct of the reflection trick:
Corollary 9.4. Both £+ are universally tight.

Proof. The contact structures £, on the closed manifold M are universally tight by Lemma 3.4.
Moreover, Ei are isotopic rel. boundary to extensions of £+ obtained by gluing a collar
neighborhood along OM and adding radial twisting. Therefore, £+ become restrictions of £
and are universally tight as well. O

9.2 Proof of Theorem 9.1

Let (£-,&+) and G be as in Theorem 9.1, and let (E_, £ +) be the contact pair on M constructed
in Proposition 9.2, with associated unstable plane field 77. Since the latter contact pair is
transverse to a nonwandering flow, namely, the doubling ® of ®, it is taut. We can then
apply [Mas24, Theorem C] (and Remark [Mas24, Remark 0.7]) to deduce that 7 is tangent
to a branching foliation; this is a collection of complete, injectively immersed surfaces in M
tangent to 7 which cover M, and which are allowed to intersect but not to topologically cross
(see [BIO8, Definition 4.1]). This branching foliation can then be resolved into in a genuine
foliation, up to a small C°-modification of 7. More precisely, it is shown in [BIOS, Section 7]
that for every € > 0, there exists a genuine C°-foliation F. on M and a continuous surjective
map h. : M — M satisfying:

o The C%distance between 77 and T'F is less than e,
o The C-distance between h. and id is less than ¢,
e h. sends the leaves of F. to surfaces tangent to 7.

Recall that in the collar C = [—1,1] x 9M C M, 7 is smooth and tangent to the product of G
with [—1,1]; in particular, it is uniquely integrable. Choosing ¢ small enough, the third item
above implies that the restriction of F. to C is a blowup of [—1,1] x G. The restriction of F.
to M is the desired foliation. O
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Part 111
Architecture of ziggurats

Throughout this part, and unless stated otherwise, we adhere to Standing Assumption 0.10: M
is a compact, oriented 3-manifold with non-empty boundary consisting of tori, different than
S1 x D? and T? x I. Moreover, ® is a smooth, nonwandering flow on M whose restriction to
each boundary component of M is a Reebless foliation with rational slope. The exceptional
cases S1 x D? and T? x I are treated in Appendix B.

The main object of interest in this part is the ziggurat Z(®) C R™ associated with ®,
defined as the set of boundary multislopes realized by foliations transverse to ®. We combine
the various results from Part I and Part II to prove many structural properties of this set.

10 Basic properties of contact ziggurats

Recall that ZF(®) C R" denotes the set of boundary multislopes realized by positive/negative
contact structures transverse to ®.

Definition 10.1 (Downward closed). A subset A C R" is downward closed if for all x € A
we have (—oo,x] C A. We say that A C R" is upward closed if for all x € A we have
[z, +o0) C A.

Proposition 10.2. Z7(®) is downward closed and Z~(®) is upward closed. In particular,
they are boz-conver.

Proof. By Lemma 3.2, we can add twisting to any ®-horizontal positive contact structure to
decrease its slope. In other words, if s € Z7(®) and s’ < s, then s’ € Z1(®). Similarly, we
can add twisting to any ®-horizontal negative contact structure to increase its slope. O

11 Ziggurat intersection theorem

In this section, we prove Theorem C from the introduction.

Proof. The inclusion Z(®) C ZT(®)NZ~(P) follows from the coarse version of the Eliashberg—
Thurston theorem (Theorem A). For the reverse direction, assume there are contact structures
&4 and £_ with

s(64) = s(€) = 5.

By trimming (Lemma 3.2) combined with Lemma 2.18, we can modify £ so that for each ¢,
either s;(£4) > s; or fs(&,) € {s%, sT}. Similarly, we can modify £_ so that for eachi = 1,...,n,
either s;(£,) < s; or fs;(€4) € {s°, sT}. Therefore fs;(£_) < fs(&4). It follows that there is a
foliation G of slope s such that

06_ <G < 0.

Applying the converse to Eliashberg—Thurston (Theorem B), there exists a ®-horizontal
foliation F with OF monotone equivalent to G. In particular, s(0F) = s, so s € Z(®). O
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Remark 11.1. In the exceptional cases where ® is a nonwandering disk or annulus suspension

flow, we still have
Z7(®)N ZH(®) C Z(P).

However, the reverse inclusion does not hold: is ® is a nonwandering disk or annulus suspension
flow, then Z~(®) N Z7(®) = & (see Remark B.6), while Z(®) # & using Proposition O.

12 Box-convexity

Recall from Definition 0.11: A subset A C R" is box-convex if for all ,y € A satisfying
x <y, we have [x,y]| C A.

Proof of Theorem D. Since Z*(®) are box-convex by Proposition 10.2, their intersection
Z(®) is also box-convex, and so is Z(®) by Theorem C. O

In view of Remark 11.1, the proof actually shows a related statement that will be useful
later:

Proposition 12.1. If s~ € Z~(®) and s* € ZT(®) satisfy s~ < s, then [s7,sT] C Z(D).

Remark 12.2. If ® is an annulus or disk suspension, then box-convexity trivially holds by
the explicit descriptions in Proposition B.5 and Remark B.3.

13 Irrational instability

Proof of Theorem F. Let F be a ®-horizontal foliation. Apply coarse Eliashberg—Thurston
(Theorem 8.12) to find a ®-horizontal foliation F’ and ®-horizontal contact structures &4 and
&_ such that s(0F") = s(0F) and

9y < OF < O¢_.
It follows that for all 1 <1 < mn,
si(§+) < si(F) < si(€-).
Moreover, whenever s;(F’) is irrational, the instability of irrational slopes (Lemma 2.18)
implies that both inequalities are strict, and Proposition 12.1 finishes the proof. ]

14 Filling rational multislopes

In this section, we show that the ziggurat Z(®) controls the existence of those taut foliations
on Dehn fillings of M which are transverse to blowdowns of ®.

Definition 14.1 (Slices). Let AC R and t € R" % for 0 <k <n — 1.
o The (right) t-slice of A is defined as

Sl = (R* x {t}) n A

It can be naturally identified with a subset of R¥.
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o The set of transversally interior points in the (right) ¢-slice Slj;A, denoted by S lﬁtA7
is the set of s € Slj;A such that there exists ¢ > 0 satisfying

{s} x (t—e,t+¢e)C A.

\4

Figure 37: A box-convex set A in green and SlﬁA shown in orange for two values of ¢t € R.

Let ®|; be a blowdown of ® along multislope t. We always have the inclusion
Z(®|¢) C SI,2(®) C RF.

The converse inclusion does not hold in general, but the subset Z(®|) can be entirely recovered
from Z(®), besides the cylindrical or toroidal multislope if ® is a planar suspension flow.

Theorem 14.2 (Ziggurats of Dehn fillings). Let t € Q"F. Let ®|; be a blowdown of ® along
the multislope t. If ®|¢ is not an annulus, disk, or sphere suspension flow, then

SIZ(®) = Z(®1). (14.1)

Proof. First, we prove the inclusion Z(®|;) C SlyZ (®). Let F be any ®|¢-horizontal foliation
with boundary multislope s’. Apply the coarse Eliashberg—Thurston theorem Theorem 8.12
to F to obtain a contact structure &, whose coarse boundary multislope agrees with that of
F. Applying Lemma 4.3, we may blow up £/, to obtain a contact structure £y with

si(ég) > s fori=1,...,k
Sk+i(f+)=ti forizl,...,n—k

Similarly there is a ®-horizontal contact structure &£_ satisfying

si(€-) < st fori=1,...,k
Sk+i(§+):ti forizl,...,n—k

By Proposition 12.1, [s(£-),s(§+)] C Z(®), so &' is a transversally interior point in Slj;(Z(®)).
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To prove the reverse inclusion SI3Z(®) C Z(®¢), we follow the previous argument
backwards. Contact structures £_, £ satisfying the slope inequalities above exist by Theo-
rem C. Then, filling them with Lemma 4.3 and applying Proposition 12.1 guarantees that
s’ € Z(D|y). O

Proof of Theorem E. Apply Theorem 14.2 to the case k = 0. 0

The results of this section control fillings of foliations with suspension-type (i.e., Reebless)
boundaries. Dehn filling of foliations with N-type boundaries is treated in Proposition 4.13.

15 Limits of spherical and T?-type multislopes

The two obstructions to the application of the fine version of the Eliashberg—Thurston with
boundary are spherical multislopes and T?-type planar multislopes. The goal of this section
is to show:

Proposition 15.1. The closure of the spherical multislopes is precisely the union of the
spherical multislopes and the T?-type planar multislopes.

We emphasize that this is a statement about slopes realized by surfaces, not a statement
about ziggurats themselves. Only those compact planar surfaces transverse to ® are obstruc-
tions to the application of the fine Eliashberg—Thurston theorem to ®-horizontal foliations,
but the theorems of this section concern all the compact planar surfaces properly embedded
in M.

We define the filled Euler measure of a compact surface 3 to be

X' (2) = x(E) + #a (%)

This is the Euler characteristic of the surface after filling all boundary components with disks.
The definition extends to measured laminations as follows. If a measured lamination A has
irrational boundary slope on 9; M then the contribution to #4(A) is 0, and if it has rational
boundary slope, then the contribution to #4(A) is the transverse measure of a curve in 0; M
which intersect each leaf of 9;A exactly once.

We say that a measured lamination A has coherently oriented boundary if for each 7,
all the leaves of 0;A have the same (oriented) slope. In this section, the topology on the space
of measured foliations is as follows: two measured laminations A; and Ay are e-close if they
are carried by a common branched surface B with 1/e sectors each of diameter < 1, and the
weights induced by A; and Ay on any given sector of B differ by at most 2.

Lemma 15.2. x* is upper semi-continuous on the space of coherently oriented laminations,
and is continuous at laminations with irrational boundary slope.

Proof. First, note that x is a continuous function on the space of measured laminations.
Indeed, the Euler measure of a measured lamination can be computed as a linear function of
the weights induced on a carrying branched surface. If two measured foliations are carried by
a common branched surface B having < 1/e branch sectors and with weights differing by at
most €2 on each sector, then their Euler measures differ by at most O(1/e - €2) = O(e).
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For measured laminations with coherently oriented boundary, the function #g can be
expressed as

#o=> #00,

where 0; is the boundary map A — 0;A € H1(0;M,R) and # : H;(M,R) — R is a cousin of
the “popcorn function”:

denominﬁtor(y/x) if  # 0 and y/x cQ
#(z,y) =10 ifx#0and y/x e R\ Q
Y if z =0.

The boundary map is easily checked to be continuous. Also, # is upper semi-continuous, and
continuous only at laminations with all boundary slopes irrational. Therefore, the same is
true of x°. O

Lemma 15.3. Let A be a minimal measured lamination on M with coherently oriented
boundary. If x*(A) > 0, then A is a compact genus 0 surface. If x*(A) =0, then A is either a
compact genus 1 surface or a T?-type planar minimal set or a T3-type planar minimal set.

Proof. A is a compact surface, then it must have genus 0. If A has any rational boundary
components, then we can fill them without changing the filled Euler measure. Once A has
no rational boundary components and non-negative filled Euler measure, it must also has
non-negative Euler measure. Thus, A has planar leaves, and by Corollary 7.4 A is either a T?
minimal set or a T3-type minimal set. O

Lemma 15.4. A can be can be approximated by coherently oriented measured laminations of
positive filled Euler measure if and only if it is a T?-type minimal set or a compact genus 0
surface.

Proof. Suppose we have a sequence (A;);>1 of compact genus zero surfaces with coherently
oriented boundary approximating A as measured laminations.

Now suppose A has rational boundary slopes. By the upper semicontinuity property of x®,
there is a neighborhood of A in the space of measured laminations and ¢ > 0 such that every
lamination A’ in this neighborhood either has x® < x*(A) —c or A’ has the same rational slope
as A. Therefore, the slopes of the A; are eventually equal to the slopes of A. Then we may fill
these rational boundary components, obtaining a sequence of spheres (A}) approximating a
measured lamination A®. But then we must have x(A®) > 0. Therefore, A® itself must have
positive Euler measure, and therefore is a linear combination of essential spheres. It follows
that A could not have been a T?-type minimal set. O

Lemma 15.5 (Nearby compact genus 0 surfaces). Assume that A is a T?-type planar minimal
set A. Then there exists a sequence of compact planar surfaces converging to A as measured
laminations.

Proof. Tt suffices to check this for A a model T?-type planar lamination. Recall the definition
of such from Definition 7.2: start with an irrational linear foliation on T2 x I, apply a Denjoy
blowup to get a lamination A®, and then drill out the tubular neighborhood of a transverse
link L to get A. Choose an [-invariant branched surface B® carrying A® which is fine enough
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that L is transverse to B®. Then after drilling out L, we get a branched surface B carrying A.
This drilling operation does not change the measures on B®*. The measure on A induces a
measure on B and equivalently on B®. We may approximate this irrational measure with a
rational one. By I-invariance of B, all measures on B® with rational weights correspond to
unions of annuli. Therefore, these rational weights on B correspond to unions of compact
planar surfaces approximating A, as desired. O

Proof of Proposition 15.1. Suppose s is an accumulation point of spherical multislopes {s/} j>1-
For each j, let ; be a compact planar surface with coherently oriented boundary certifying
that s7 is a spherical multislope.

Choose a triangulation of M. All Thurston norm minimizing surfaces in M, and in
particular all the 3;’s, can be put in normal position with respect to this triangulation. The
normal weights of some subsequence of the ¥;’s converges; call the corresponding limiting
measured lamination A. By Lemma 15.4, A has a component which is a compact genus 0
surface or a T2-type planar minimal set. Furthermore, A has coherently oriented boundary
because all the X;’s do. Thus, s is a spherical or T?-type planar multislope.

Conversely, if s is a T?-type planar multislope, then Lemma 15.5 shows that s is a limit
of spherical multislopes. O

16 Rigidity of spherical and T?-type multislopes

16.1 Spherical multislopes and contact structures

Lemma 16.1 (Horizontal S?). Suppose ® is nonwandering flow on M admitting a transverse
sphere. Then M does not admit a tight (positive or negative) ®-horizontal contact structure.

Proof. Let £ by a ®-horizontal contact structure on M. After a C'°°-small perturbation, we can
arrange that the characteristic foliation of £ along the transverse sphere S has nondegenerate
singularities, which must all be positive by assumption. The Poicaré—Bendixson theorem
and the Poincaré—Hopf theorem then imply that & must have a closed characteristic along S,
which guarantees the existence of an overtwisted disk. O

We now prove a more refined statement in the case of nonwandering suspension flows on

St x §2.

Proposition 16.2. Let ® be a nonwandering suspension flow on S' x S%. Then ® admits no
horizontal contact structure, tight or not.

We will in fact prove a slightly stronger result: if ® is any suspension flow on S x 5%, and
& is a contact structure transverse to @, then there exists an embedded torus 7' transverse to
® whose complement is disconnected. In particular, ® cannot be nonwandering.

Before giving the proof, we introduce some tools and explain the strategy. By Lemma 16.1,
we already know that any ®-horizontal contact structure must be overtwisted. However, the
nonwandering hypothesis implies some extra rigidity.

We now fix a flow ® as in the proposition, as well as a ®-horizontal contact structure &.
For t € S, we set S; := {t} x S2. In particular, £ has no negative tangencies along S;. We fix
a distinguished point 0 € S* = R/Z, and identify S!\ {0} with the interval (0, 1).
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Lemma 16.3. After some arbitrarily C°°-small perturbation of £, there exists finitely many
times 0 < t1 < --- <ty <1 such that

o Ift#1;, then Sy is E-conver ,
o At t =t;, a pair of parallel closed characteristics of €|s, is born or dies.

Moreover, when a pair of characteristics is born (in forwards time), a b annulus appears
between them, and when a pair of characteristics dies, a ff annulus disappears between them
(see Figure 38).

Figure 38: Permissible death of a pair of closed characteristics. Note how the tangent line
marked in red rotates clockwise.

Proof. The first part follows from the analysis in [Gir00; Masl14], and the fact that there
are no “retrograde connection” from a negative to a positive saddle point of £|g,, since this
characteristic foliation has no negative singularities at all. Note that this argument crucially
uses that the fibers are spheres.

We now justify the second part on the type of annuli that can appear or disappear. At
t = t;, the characteristic foliation of £ along S, has a single degenerate closed characteristic
0, which is repelling on one side and attracting on the other side. Let us assume that for
t > t; slightly larger, v gives rise to two parallel (nondegenerate) closed characteristics, one
attracting and one repelling. Denote them by v_ and ~v4, respectively. We want to show that
~+ is on the left of v_, so that they bound a b annulus. Equivalently, we want to show that 7
is repelling on the left, and attracting on the right. Since £ is transverse to g, we may find a
smooth vector field X defined in a neighborhood of g in S x S?, which is tangent to & and
positively transverse to the sphere S; for ¢ close to t;. We may rescale this vector field so that
its flow preserves the foliation by spheres (at least in a neighborhood of 7vy). We may then
use this flow to define coordinates (z,y, z) near 7, such that X becomes 9, and the spheres
Sy are tangent to the (x,y)-planes. In these coordinates, £ is tangent to 9., and the contact
condition implies that £ twists in a clockwise direction in the (x,y)-planes when z increases.
Therefore, 9 must be repelling on the left and attracting on the right since otherwise it would
disappear when t increases. The case of a death of two canceling nondegenerate orbits is
similar. O
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After applying the lemma, we consider a finite sequence of directed graphs Gy, ...,Gy on
52, constructed as follows. For each i, choose a 7; € (tistiv1)-

o The vertices of G; are the connected components of the set R, of the characteristic
foliation of £ on S,

e The edges of GG; are in correspondence with the connected components of R_. Since &
has no negative tangencies with S;,, each component of R_ is an annulus containing
an isolated closed characteristic with attracting holonomy. The corresponding edge
connects the neighboring components of R™.

e The edges are oriented according to the orientation of the characteristics of the compo-
nents of R_ they enclose as in Figure 39.

Note that G; does not depend on the specific choice of 7;, since the dividing sets and Ry
regions of convex surfaces are only modified by isotopies when varying them among a family
of convex surfaces. Moreover, the orientations of the edges are also preserved since there are
no negative singularities, and the attracting closed characteristics in R~ are also modified by
isotopies only.

Since the S;,’s are convex spheres, the graphs G; are trees with at least one edge each.

Moreover, there are elementary operations (edge expansions or edge contractions)'”
Go ~Ls Gy ~Lor .. TS Gy B Gy 2 Gy (16.1)

which keep track of the birth of death of attracting closed characteristics. Note that there is
a canonical identification between Gy and Gy .
Let us describe these operations in more detail:

o If the convex surface structure on Sz, , differs from the one on 57, by the birth of a pair
of parallel characteristics, one attracting and one repelling, then G, differs from G;
by the insertion of an edge, corresponding to the new attracting closed characteristic.
The operation ¢; is the corresponding edge expansion, with the appropriate orientation.
See Figure 39.

o If the convex surface structure on S, differs from the one on S, by the death of a pair
of parallel characteristics, one attracting and one repelling, then G, differ from G; by
the deletion of an edge, corresponding to the vanishing attracting closed characteristic.
The operation (; is the corresponding edge contraction.

Let 0 <i < N. A leaf (degree-1 vertex) v of G; is a source leaf (resp. sink leaf) if its
adjacent edge is oriented away from (resp. towards) it. We denote by £5°""® and C?ink the
sets of source and sink leaves of G, respectively. We set £; = £5°W® U £k Concretely, a
source (resp. sink) leaf corresponds to a disk component of R, whose adjacent component
of R_ contains an attracting closed curve oriented clockwise (resp. counterclockwise) with
respect to R4. See the leftmost panels in Figure 42 for an example of a sink leaf.

10While an edge contraction is a graph morphism, an edge expansion is not. An edge expansion can be
thought of as the dual of an edge contraction.
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blrth %

(a) Birth of an attracting orbit on the surface.

edge expansion
| X

(b) Corresponding edge expansion.

Figure 39: A birth of a pair of closed characteristics and the corresponding edge expansion.
R~ is shown in green.

Lemma 16.4.

o Sink leaves cannot be born; that is, an edge in G;+1 pointing into a sink leaf cannot be
created by an edge expansion @;.

o Source leaves cannot die; that is, an edge adjacent to a source leaf cannot be contracted
by ;.

Proof. Let us prove the first item. Assume by contradiction that a sink leaf is created by
;. We then obtain a disk component D in R4 (S;,) whose characteristics near the boundary
converge to an attracting curve «_ oriented counterclockwise with respect to the boundary
of D. Moreover, another parallel repelling curve ~4 is created, which must lie to the left
of v_ and must belong to D, by Lemma 16.3. See Figure 40. However, the characteristics
emanating to the left of 44 remain in D and cannot limit to a closed characteristic (it would
be an attracting curve, which is impossible). Therefore, at least one must converge to a sink,
which is again impossible.

The proof of the second item follows from applying time reversal t — —t composed with
reversing the orientation of the S? fibers; this symmetry preserves the orientation of M and
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Figure 40: A forbidden birth. There is no way to complete the characteristic foliation on the
disk in a way compatible with the convex surface structure.

therefore maps £ to another positive contact structure, but changes births for deaths, sources
for sinks, and edge contractions for edge expansions. O

Remark 16.5. In the proof, we crucially use that the sink and source leaves correspond to
attracting curves bounding a disk. This guarantees that the characteristic foliation in the
corresponding component of Ry cannot have a repelling orbit; otherwise it must have a sink,
contradicting that £ only has positive tangencies with the spheres S;. However, this argument
fails if that component of R, has more than one boundary component.

Corollary 16.6. There are natural injections

source , source source
7 F L — L1

sink , psink sink

Moreover,
|£(s)ource| — |E?\(;urce|
and
574 = |

sinkare bijections.

i

source

hence both o} and o

Now we define bijections o; : £; — Lit1 by 0;(v) = o°""¢ if v is a source and o;(v) =
(af‘mk)_1 if v is a sink. We call these the leaf tracking maps. Composing these maps

together, we get a bijection
X Lo Ly =Ly
ZIIO‘Nflo---OO'O

Definition 16.7. We call an edge connected to a leaf a twig. It is incoming or outgoing
depending on whether it is connected to a source or sink leaf. If v is a leaf, we denote the
adjacent twig tw(v).
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We are now ready to prove Proposition 16.2

Proof of Proposition 16.2. Let ® be a suspension flow on S* x §? and £ be a positive contact
structure transverse to ®. We apply Lemma 16.3 and use our bifurcation analysis captured
by the trees G;’s and the sequence of elementary operations (16.1) to construct an embedded
torus L in S* x 2, which is transverse to ® and homologically trivial in Hy(S' x S2;7Z). In
particular, S x S?\ T is disconnected, and ® flows from one connected component to another,
preventing it from being nonwandering.

Let us consider a leaf v of Gy and the twig e attached to it. We first illustrate our
strategy in a simple case. Let us assume that v is a sink and is not affected by the elementary
operations ;. This means that e corresponds to an attracting closed characteristic of &|g,
which bounds a disk and is not affected by the bifurcations of the characteristic foliations as ¢
increases. We also assume that X(v) = v, i.e., this closed characteristic comes back to itself
after going around the S'-direction of S' x S2. We obtain a family of closed curves v; C S;,
t € S', which trace out an embedded torus L which is homologically trivial. In this context, L
is obtained as a union of Legendrian curves bounding overtwisted disks, namely, a Lutz tube.

By construction, L is both transverse to the spheres S;’s and to the contact structure &,
and we now argue that ® must be transverse to L by analyzing the positive cone bounded by
TS; and € along ;. We coorient L so that the direction positively transverse to v in S; is
positively transverse to L. This convention matches our convention for the orientation of the
edges of the trees G;’s.

Let us consider a fixed characteristic v, C S, for some to € S1. After a leafwise isotopy
near ;,, we may arrange that v; is constant for ¢ close to ¢g. The characteristic foliation on
the sphere Sy for ¢ close to to defines a flow ¥ near 7y, which is tangent to L and to the leaves
St, and which has attracting holonomy around L. The linearization of the first return map
of ¥ at a point p € L has two invariant directions: 7,,S5;, along which it is contracting, and
T,L, along which it is the identity. The contact condition and the effect of this first return
map implies that £ lies in the positive quadrant bounded by 7},S, and T},,L. Moreover, the
coorientation of £(p) is negatively transverse to 7,5}, by definition.!! Therefore, the positive
cone bounded by 7,5, and &£(p) is positively transverse to T),L, and ® is positively transverse
to L as claimed. See Figure 41.

We now consider the general case. Two complications may occur:

1. The original closed characteristic might undergo bifurcations,

2. After going around the S'-direction and following the leaf tracking maps, the resulting
leaf might differ from the original one.

For the first item, we will modify the construction by considering annuli traced by attracting
characteristics and transverse to the spheres S;’s, and connecting them by annuli tangent to
the spheres S; for ¢t = t; when a bifurcation occurs. To deal with the second issue, we might
perform the construction several times by going around the S' direction finitely many times.
This amounts to considering the iterates of the map X.

Recall the orientation convention for the characteristic foliation of a positive oriented contact structure &
along an oriented surface X: at a point p € 3 where € and ¥ are transverse, a nonzero vector v € £(p) N T, X is
a positive generator of the characteristic foliation if for some/any vector n € T,X positively transverse to £(p),
the pair (v,n) is a positive basis of T,X.
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Figure 41: Local chart near an attracting characteristic where the lines parallel to the ¢
axis (vertical) are Legendrian. Two nearby fibers Sy and Si;. are shown in gray. The closed
characteristic moves from the front right of the picture to the back left as ¢ increases. The
coorientation of the contact structure (red) is towards us. The flow (yellow) is constrained to
lie in the cone between & and T'S;. The barrier L is shown in green.

Let v = vg be a sink vertex and e = ey the adjacent twig. The case of a source vertex
follows from the symmetry of time reversal + reversal of the orientation of the S? factor.
We consider the sequence of vertices v; € G; adjacent to the vertex v;y1 = 0;(v;), where
vy = X(v) is identified with an vertex of Gy. Let e; be the twig incident to v;. The edges
€o, ..., en correspond to a sequence of attracting closed characteristics v; € S;, lying in a
component of R_ bounding a disk in R, and they are oriented counterclockwise around that
disk. By Lemma 16.4, v; can either be identified with 7;4+1, or it undergoes a bifurcation
and is canceled with a repelling characteristic to its right, and ~;11 is the nearest attracting
characteristic parallel to ;. On each slice [0, %] x S2, [t1,t2] x S2, ..., [tn, 1] x S2, we consider
the annulus A; obtained as the trace of the attracting characteristics corresponding to e;,
which is cooriented according to the orientation of e;. By our previous analysis, we know that
® is positively transverse to A; away from its boundary. If a boundary of A; corresponds to a
birth or death of closed characteristics, we may further arrange that it is positively tangent to
the corresponding sphere (S, or Sy, ,), after an arbitrarily C°°-small generic perturbation
of £ near 0A;. That way, ® is positively transverse to A; along its boundary as well. If ~;
undergoes a bifurcation at t = ¢;,1, we denote by C; C Sy, ,, the annulus bounded by the
degenerate closed characteristic coming from ~;, and ;1. The latter corresponds to the
twig e;41 in Gi+1. Therefore, we may glue A;, C;, and A;4+; along C; and obtain a surface
positively transverse to ® after smoothing, see Figure 43. We may further arrange that the
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birth death
d —_—

(a) A birth followed by a death near a disk component of R*. Note that the birth must happen outside
the disk.

edge contraction
S

edge expansion
BUUCRY

(b) The corresponding edge expansion and contraction.

Figure 42: Birth, death, and edge operations.

resulting surface is transverse to the fibers S;. Here, we crucially used that the bifurcation
moves “inside-to-out”. If there is no bifurcation, we simply glue A; to A; 41 along their common
boundary in Sy, .

After gluing all the A;’s and C;’s together, we obtain a cylinder L(v) C S x 52 positively
transverse to ¢ and to the spheres S;’s, and whose boundary components both lie in Sy.
The boundary components correspond to the twigs e = tw(v) and ey = tw(3(v)). If those
differ, then L(v) and L(X™(v)) are disjoint and we may glue them together and iterate the
construction, until we get an embedded torus L. By construction, L is transverse to the Sy’s,
and is positively transverse to ®. Since L contains a curve which pairs positively with all these
spheres, it is homologically trivial, and divides S x S? into two connected components. [

As an immediate corollary of Proposition 16.2, we recover that the standard foliation by
spheres on S! x S? cannot be approximated by contact structures (see [ET98]).

Remark 16.8. Our proof of Theorem G passes through contact geometry, but it would be
interesting to give a purely foliation theoretic argument. A natural approach would be to put
the planar fibers in Roussarie-Thurston general position instead of convex position as in the
proof above. We prefer our argument because the relevant version of Roussarie-Thurston
theorem does not appear in the literature; we need to put the planar fibers in general position
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A1

U= Tit1

t =t Y
t=m; - /

t=1t; #}
t="Ti_1 A;

Figure 43: A cross-section of the birth and death in Figure 42. The horizontal coordinate in
these pictures is the radial coordinate in Figure 42. The cubic curve S is the union of the
closed characteristics in Figure 42. On the left, the parts of S corresponding to attracting
characteristics of {|g, are drawn in green. The dotted line denotes C;1, which cuts off the
local minimum of S. On the right, we show the barrier we choose. It is the union of the
vertical annuli A;, A;+1 and the annulus C;11. The contact structure £ (red) is everywhere
transverse to S by the contact condition. Our flow ® (yellow) must be positively transverse
to € and positively transverse to the S? fibers, hence it must lie in the cone drawn in yellow.
In particular, this means that flow may only cross the green parts of S from right to left.

by an isotopy along a nonwandering flow ®.

16.2 Consequences for ziggurats

A horizontal compact genus 0 leaf prevents the simultaneous existence of strictly better slopes
for positive and negative contact structures:

Lemma 16.9. Assume s is a spherical multislope. Then there do not exist multislopes
r.te Z(®) withr <s<t.

Proof. Suppose to the contrary that such multislopes exist. Then by Theorem C and
Lemma 4.3, the Dehn filling M (s) has ®-horizontal positive and negative contact struc-
tures {4 and £_. Since ® is nonwandering, ({_,&4) is taut. But M (s) also has a horizontal
S? since s is a spherical multislope. This contradicts Lemma 16.1. 0

Lemma 16.10. Assume s is a T?-type planar multislope. Then there do not exist a pair of
multislopes r,t € Z(®) with r < s < t.

Proof. By Lemma 15.5, s is approximated by spherical multislopes. The result then follows
from Lemma 16.9 applied to these approximating spherical multislopes. O
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Lemma 16.11. Assume s is a spherical suspension multislope or a T? x I suspension
multislope. Then there do not exist multislopes r,t € Z(®) with either r < s or s < t.

Proof. If s is a spherical suspension multislope then (s, 00) is disjoint from Z*(®); indeed,
any contact structure with boundary slope in that quadrant would fill (by Lemma 4.3) to
a contact structure transverse to a blowdown of ® along s, contradicting Proposition 16.2.
Similarly, (—o0, s) is disjoint from Z~(®). By Theorem C, both quadrants are also disjoint
from Z(®).

If s is a T? x I suspension multislope, then just as in the proof of Lemma 16.10, the desired
result follows from approximating s by spherical suspension multislopes using Lemma 15.5. [

Proof of Theorem G. Combine Lemmas 16.9 to 16.11. O

17 Resolving X boundary components

As before, let F be a C°-foliation on M which is ®-horizontal. If some boundary 0;F has
N type, then under favorable conditions we can construct new foliations F4 which are -
transverse and such that s(9;F+) = £o00; in other words, we can resolve the X boundary
components. Combined with box-convexity, this will justify the treatment of X as a wildcard
that can take on any real value.

Throughout this section, we will assume that ® is not a disk nor annulus suspension flow,
and that it is R-unobstructed (Definition 0.23). Recall that fully punctured pseudo-Anosov
flows without perfect fits (Lemma 4.12) and periodic flows are both examples of R-unobstructed
flows.

17.1 The fully unobstructed case

We begin with a simplified situation without degeneracy compact planar leaves nor degeneracy
T2-type planar minimal sets; in that case, the X boundary components can be resolved without
modifying the slopes on the other boundary components.

Proposition 17.1. Let F be a ®-horizontal C°-foliation with generalized boundary multislope
(S1y-.+, 8K, R, ..., R), where s; € R. Moreover, assume that F has no degeneracy compact
planar leaves nor degeneracy T?-type planar minimal sets. Then

{(s1,...,5)} x R"F c Z(®).

Proof. After performing suitable Denjoy blowups of the compact planar and T?-type planar
minimal sets of F, we may assume that those minimal sets are stable, in the sense that they
admit boundaries with attracting holonomy; since those minimal sets have no degeneracy
boundaries, the generalized boundary multislope remains unchanged. Then, the fine version
of Eliashberg-Thurston (Theorem A, see also Corollary 8.25) produces a contact pair ({_,&4)
with

0&_ < OF < 0.

By Lemma 2.21 (the instability of +0c” and —oof curves), we know

S(8§+) > (817" : ,8k,+00,...,+00),
S(0€-) < (81y.++y 8k, —00, ..., —00).
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Adding twisting to £+ (Lemma 3.2), we can replace oo with +N for arbitrarily large N € R.
Now the result follows by box-convexity (Proposition 12.1) applied to this pair of contact
structures. O

17.2 Obstructions: compact planar leaves

In the presence of degeneracy compact planar leaves, we will now need to use the finest version
of Eliashberg—Thurston (Theorem 8.24) to have precise control over the the boundaries of
the contact approximations. Throughout, we will assume that F has isolated compact planar
leaves, and no degeneracy T?-type planar minimal sets.

The following “mitosis” trick allows us to maintain control over the slope of some boundary
components while performing the sacrificial b/# modifications necessary in Theorem 8.24.

Construction 17.2 (Mitosis'?). Suppose F has a compact planar leaf L with boundary
components 1, ..., £ > 3, with 41 C ;M and y2 C 9; M. A mitosis of L is a C%-small
modification of F obtained as follows: we blow up L and add canceling holonomies around
71 and 72, which creates a product region L x [0,¢] with parallel boundaries L x {0} and
L =L x {e}. We can further arrange that all the leaves between L and L are noncompact
and accumulate on both L and L. In particular, L is the only new minimal set produced by
the blowup. Notice that we only create trivial Denjoy blowups along vs, ..., 7, and that we
have some freedom in choosing the holonomies around ~; and 3. For instance, we can make
one f and the other b, or vice versa.

This operation is useful for preparing for the application of Theorem 8.24 while maintaining
control over the coarse slopes of y; and 5 and on the fine slopes of ~3,...,7,. Indeed, the
new leaf L has two special boundary components 41 and 7o, parallel to 1 and 79, respectively.
We declare v1 to be a distinguished boundary component of L, and 75 to be a distinguished
boundary component of L. Then, performing b/ modifications on ; and 72 (independently
of each other) do not change the slopes on 9; M and 0; M, since each of these curves have a
parallel, unmodified curve of the same slope, namely, 71 and vo. See Figure 44. Of course, this
might modify the boundary type of F along these boundary components, but its boundary
type on the other boundary components of M are not affected. <&

’71 ;?2 73 \/I 5
\/
Figure 44: Mitosis. The b/f twisting modifications are performed near the blue regions on
oM.

12Cell division by mitosis is an equational division which gives rise to genetically identical cells in which the
total number of chromosomes is maintained (Wikipedia; https://en.wikipedia.org/wiki/Mitosis).

100


https://en.wikipedia.org/wiki/Mitosis

An example: single compact planar leaf. As a warm up to the general setting, we first
explain our strategy in a simple scenario.

Example 17.3. Suppose M has two boundary components and F is a ®-horizontal foliation
with fine boundary multislope (0¥, R), where © € {b,4,#,1} is unspecified, and that F has
exactly one compact planar leaf L. Since M has only two boundary components and @ is not
a suspension, F does not have any T?-type planar minimal sets. Our goal is to resolve the N
component to obtain foliations with well-defined boundary slopes, and get {0} x R C Z(®) as
in the unobstructed case. However, in specific obstructed cases, we will get inclusions of the
form (—&,0) x R C Z(®) or (0,e) x R C Z(®) for some € > 0: resolving the X component is
possible at a(n infinitesimal) cost of modifying the slope on the first boundary component.

Concretely, we want to apply the fine version of Eliashberg—Thurston with boundary to
obtain a positive contact structure £ approximating F with 0F < 9¢ (or rather G < 9¢ for
some @G isotopic to OF). However, L is an obstruction to applying Theorem A, and we need
to perform some b modifications along some boundary component of L as in Theorem 8.24.

We distinguish several cases depending on the boundary signature of L; in each of those
cases, we explain how to choose a distinguished boundary component of L where we will
apply a sacrificial b modification. We will not perform a sacrificial b modification along a —oo
degeneracy component for the purpose of getting a positive contact approximation, since we
want to “erase” those; a b modification would create a stable curve with slope —oco. We also
want to keep the same boundary slope on the nondegeneracy boundary, or modify it as little
as possible. Here is how we proceed:

o If L has boundary signature (a, *,b) with a+b > 2, we apply mitosis (Construction 17.2)
with 41 and 2 being nondegeneracy or +oo components of L, and we perform the b
modifications on ~; and 7.

o If L has degeneracy signature (1,#,0), then we are forced to apply the b-modification
along the non-degeneracy boundary component.

o The remaining possible degeneracy signatures (0, *,0) and (0, %, 1) are ruled out. The
first is ruled out because L would have nondecreasing holonomy along all of its boundary
components, implying that it has trivial holonomy along all its boundary components,
contradicting the assumption that L was isolated. The second is ruled out because we
assumed that ® is N-unobstructed.

Applying the fine version of Eliashberg—Thurston for those choices of distinguished bound-
ary components of L (or a doubling thereof), we have four main cases for the positive contact
approximation £ ; in all of these cases, s2(£4+) = 400 by design.

Case 17: L has degeneracy signature (1,%,0). Then a sacrificial b modification is per-
formed on 04 M.

13We technically do not need to perform mitosis here since both 41 and 72 lie on 8; M, so we can perform
the b modification on one while the other one fixes the slope. However, mitosis will be necessary when M has
more than two boundary components.
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(a) fs(F) = (0T,R). Then s;(£4) > 0, and
(—00,0] x R C Z1(®).

(b) fs(F) = (0°,R). Then s;(£4) < 0 can be made arbitrarily close to 0, and
(—00,0) x R C ZF(®).

Case 27: L does not have degeneracy signature (1,*,0). Then no sacrificial b modification
is performed on 01 M.

(a) fs(F) = (0%/%,R). Then s;(£4) = & > 0 for some § > 0, and
(—00,0) x R C ZT(®).

(b) fs(F) = (0°/1,R). Then s;(£,) > 0, and

(—00,0] x R C ZH(D).

Similarly, we have four main cases for a negative contact approximation £_; in all of these
cases, s2(£_) = —oo by design.

Case 17: L has degeneracy signature (1,0,%). Then a sacrificial § modification is per-
formed on 04 M.

(a) fs(F) = (0T,R). Then s;(¢£-) <0, and
[0,+00) xR C 27 (D).

(b) fs(F) = (0%, R). Then s1(£_) > 0 can be made arbitrarily close to 0, and
(0,+00) x R C Z7(®).

Note that those are the only possible boundary types in that case, because of
the type of holonomy of L along its degeneracy boundary components.

Case 27: L does not have degeneracy signature (1,0, ). Then no sacrificial b modification
is performed on 0y M.

(a) fs(F) = (0°/%,R). Then s;(£_) = —6 < 0 for some § > 0, and
(—0,00) x R C Z7 (D).
(b) fs(F) = (07/%,R). Then s1(£_) < 0, and

[0, +00) X R C Z7(®).

Notice that Case 17 (b) is a subset of Case 27 (a), and Case 17 (b) is a subset of Case
2% (a). Those cases deserve a particular attention.
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Case 17 (b) is special since we are forced to perform the sacrificial b modification along the
nondegeneracy boundary component, which prevents {0} x R C Z7(®) (this is referred to as
the b-latching case in the terminology below). However, we can produce a negative contact
structure with negative boundary slope along 01 M by choosing the f-modification along a
+oo degeneracy component (and turning it into a { type curve) as in Case 2~ (a). Therefore,
applying Theorem C, we find

(—0,0) x R C Z(®).

Why emphasize that while —oo degeneracy curves are problematic for &, they are beneficial
for £_ since we can always increase the slope of £_ arbitrarily by twisting (and these —oo
curves can be “fixed” by mitosis).

Similarly, in the special case 17 (b) (the #-latching case), Theorem C implies

(0,9) xR C Z(P).
Apart from these two special cases, invoking Theorem C gives

{0} xR C Z(®).

In all three cases, {0} x R C Z(®). <&

General case: multiple compact planar leaves. We now move to the more general case
where F has finitely many compact planar leaves, but no degeneracy T2-type planar minimal
sets.

Let F be a horizontal foliation of boundary type (si,...,s%,R,...,X). A boundary
component 9; M with finite rational slope s;, 1 <i <k, is f-latching (resp. b-latching) if
it is of § (resp. b) type and all of its closed curves are the the nondegeneracy boundary of a
compact genus 0 leaf with degeneracy signature of the form (1,0, %) (resp. (1,%,0)). Note that
a boundary component cannot be both f-latching and b-latching. A boundary component
that is neither f-nor b-latching is nonlatching.'

We now generalize the strategy of Example 17.3 to this scenario.

Proposition 17.4. Assume that F is a ®-horizontal foliation on M, where ® is nonwandering
and R-obstructed, and that F has finitely many compact planar leaves and no degeneracy
T2-type planar minimal sets. Assume that the fine boundary multislope of F is of the form

b bt f ? ?

(51,...,skb,tl,...,tkﬁ,wl,...,wko,N,...,N),

——— | ,ﬁ—/\T—’
kb kﬁ ko R

where
o The first k, boundary components of M are b-latching,
o The next ky boundary components of M are §-latching,

e The next ko boundary components of M are nonlatching and have unconstrained types,

14By “latching”, we mean that it will not be possible to apply the fine version of Eliashberg-Thurston with
boundary to remove the X components while keeping the slope on the latching boundary component fized. The
latching compact planar leaves “lock” their boundary curves like a spring mechanism under tension in a latch.
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e The last ky boundary components of M are of X type.

Then there exists € > 0 such that

Ky Ky

H (Si — &, Si) X H(ti;ti —I—E) X {(wl,.. . ,wko)} X RkN C Z((I))
=1 =1

Proof. For notational simplicity, we may assume that the s;’s and t;’s are all 0. We write
w = (wl, ey wko).
We show that there exists € > 0 such that

(—&,4+00)" x (0,400)% x {w} x R ¢ 27 (®), (17.1)
(—00,0)% x (—o00,e)® x {w} x R¥ ¢ 2H(®). (17.2)

and use Theorem C to conclude.

Let us focus on the inclusion (17.2), the other one being similar. We proceed in three
steps. The first two steps modify the foliation, allowing us to apply the fine version of the
Eliashberg—Thurston theorem with boundary in the third step.

o Step 1: mitosis. We apply the mitosis construction to all the compact planar leaves with
boundary signature (a,*,b) with a + b > 2, and choose boundary components of the
resulting leaves to perform the b modifications as explained in Example 17.3. We also apply
the mitosis construction to all the §-latching compact planar leaves, so that the types of
the f-latching and N boundaries remain unchanged.

o Step 2: twisting. For every f-latching compact planar leaf, we choose an arc from the
nondegeneracy boundary component to a +0o degeneracy boundary component, and we
apply a twisting modification (see Construction 1.8) along a small ribbon along the arc,
which is disjoint from all the other minimal sets of F. We choose the twisting so that the
nondegeneracy boundary component of the leaf is destroyed, and the slopes on all #-latching
boundary components are positive. By the previous mitosis step, we can choose the arcs so
that +o0o boundary components survive on each N type boundaries of M touched by such
f-latching leaves. The resulting foliation is still of X type on those boundaries.

After this step, we obtain a new ®-horizontal foliation F’ satisfying the following properties:

— The first k, boundaries are b-latched, by the same compact planar leaves as before,

— The next ky boundary components have positive slopes, bounded from below by some
e >0,

— The next k, boundary components are still nonlatching and their slopes remain
unchanged,

— The last kx boundaries still have N type.
This procedure may produce new compact planar leaves and other minimal sets, all touching
the previously #-latching boundary components. We may arrange that those are in finite

number after some blowdowns as in Lemma 1.6. The b-latching and nonlatching compact
planar leaves remain unaffected.
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o Step 3: fine contact approxrimation. We now apply the fine Eliashberg—Thurston theorem.
For all the b-latching compact planar leaves, we perform the b modification on their
nondegeneracy boundary component. On all the (planar) minimal sets touching the formerly
f-latching boundary components, we apply the b-modification along those boundaries. On
the compact planar leaves touching the nonlacthing boundary components, we proceed as
before and perform the b modification on the appropriate —oo boundaries (the mitosis trick
has already been applied). For every ¢ > 0, we obtain a positive contact approximation §i
such that

— For 1 <4 <k, (&%) > -9,
— For 1 <i<ky,s Z(gi)ze 5,
— For 1 <i < ko, 8i(€)) > w

— For 1 <4 < ky, 8;(£3)

We deduce that there exists € > 0 such that for every § > 0,
(=00, =0)% x (=00, — 6)M x {w} x R™ ¢ 21 (®),

and (17.2) follows by letting § — 0. O

17.3 Obstructions: T?-type planar minimal sets

In the presence of degeneracy T2-type planar minimal sets, we will also need to use the finest
version of Eliashberg—Thurston (Theorem 8.24) to have precise control over the the boundaries
of the contact approximations. We will now assume that F has degeneracy T?-type planar
minimal sets, and no degeneracy compact planar leaves.

An example: single T?-type planar minimal set. We start with the simplest situation
of a single degeneracy T2-type planar minimal on a manifold with three boundary components.

Example 17.5. Suppose that M has three boundary components, and that F is a ®-horizontal
foliation on M with boundary type (s,3,R) with 5,5 € R\ Q, and with a (necessarily unique)
T2-type planar minimal set A. We also assume that ® has no degeneracy compact planar
leaves, hence no compact planar leaves at all.

Recall that because of the structure of T?-type planar minimal set, there is a distinguished
branch of hyperbola H C R? corresponding to a locus of homological longitudes on the first
two boundary components of M, and (s,3) € H.

As before, we want to apply the fine version of the Eliashberg—Thurston theorem with
boundary to resolve the X component and obtain {(s,5)} x R C Z(®). In particular, the
instability of irrational slopes Lemma 2.18 would then imply that there exists € > 0 such that

(s—e,s+e)x(5—¢e,5+¢) xR C Z(D). (17.3)

However, as in Example 17.3, we will need to apply a sacrificial b/f modification along a
boundary component of A to obtain adequate positive and negative contact approximations.
Let us focus on the case of positive contact approximations. Once again, we distinguish several
cases depending on the “boundary signature” of A:

105



o If A has some +o0o degeneracy boundaries, then we perform a b modification along such
a boundary component to obtain an approximating positive contact structure. These
boundary components locally form a Cantor set along d3 M, because of the structure of
exceptional minimal sets, so we do not need a “mitosis trick” here.

o If A only has —oco degeneracy boundary components, then we are forced to apply a b
modification along one of the two nondegeneracy boundaries.

Let us analyze these cases in more detail for the positive contact approximation &, :

Case 1*: A has some +oo boundary components. Then a sacrificial b modification is
performed on one of those, and

s1(84) > s, s2(84) >5, s3(8y) = Foo.

Therefore,
(—00,8+¢) X (—00,5+¢) x R C Z1 (D).

Case 27: All the degeneracy boundaries of A have slope —oco. Then no sacrificial b
modification is performed on 93M, and we can choose to perform it on oy M
or Jo M. Performing it on 0y M, we obtain sa2(€4) > 5, and s1({4+) < s can be
made arbitrarily close to s. In particular

(—00,5) X (—00,3) x R C ZT(®).

As before, there are similar cases for £_:

Case 17: A has some —oo boundary components. Then a sacrificial § modification is
performed on one of those, and

s1(€2) < s, s2(€-) <3, s3(€4) = —o0.

Therefore,
(s —&,+00) X (§ —¢,400) x RC Z7(®).

Case 27: All the degeneracy boundaries of A have slope +o0o. Then no sacrificial §
modification is performed on 93M, and we can choose to perform it on 04 M
or oM. Performing it on 01 M, we obtain s2(£_) <3, and s1(£-) > s can be
made arbitrarily close to s. In particular

(s,400) X (3,+00) x R C Z7(®).

Notice that Case 27 is a subset of case 17, and Case 2~ is a subset of Case 17.
It follows from our analysis and Theorem C that if A has both 400 and —oco degeneracy
boundaries, then the inclusion (17.3) holds for some ¢ > 0.
If A is as in Case 2% (which we will refer to as the T? -latching case below), then we
instead get
(s—¢g,8) x (§—¢,5) xRC Z(D).
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However, we can improve this a bit. Indeed, we may first modify F by a ribbon twisting
operation (see Construction 1.8) along a ribbon from 0;M to deM. This ribbon can be
constructed by choosing a C'! curve tangent to A from 01 M to d;M, smoothing F near it,
and thickening it. By twisting along this ribbon, we obtain new foliations F,, on M with
multislope (r,7,R), for any (r,7) € H sufficiently close to (s,s). This crucially uses the
structure of T2-type planar minimal sets; see Definition 7.2. When r € R\ Q, F, has a new
T2-type planar minimal set A, with no —oo degeneracy boundary components. Therefore,
the previous analysis implies

(H™ N[(—00,8+¢) X (—00,5+¢)]) x RC ZT(P),

where H~ denotes the connected component of R?\ H below . This implies that there exists
€ > 0 such that
(H Nis—e,s+e)x(5—¢,5+¢)]) xRC Z(D).

Similarly, in the case where A has no —oo degeneracy boundary components (the ’]I‘i—
latching case), we obtain

(H"N[(s—e,s+¢e)x(3—¢e,35+¢)]) xRC Z(P)

for some € > 0 See Figure 45 for a sketch of the set corresponding to the first two coordinates.
O

\4

Figure 45: Multislopes obtained by resolving a 'H‘i—latching planar minimal set (in gray).

General case: multiple T?-type planar minimal sets. We now consider the more
general case where F has finitely many T?-type planar minimal sets, but no compact planar
leaves.

A boundary component ;M with irrational slope is T? -latching (resp. T2 -latching) if
it intersects a T2-type minimal set all of whose closed boundary components have 400 (resp.
—00) degeneracy slope. In that case, there is a companion irrational boundary component,
which is the other irrational boundary component of that minimal set. Moreover, each
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irrational boundary component intersects at most one such a minimal set, so Ti—latching
(resp. T2 -latching) come in pairs, and cannot be both ’]I‘i- and T? -latching. As before, a
boundary component that is neither ’]I‘i— nor T? -latching is called nonlatching.'?

We recall some useful notation. If 9;M and 0;M are the two irrational boundary compo-
nents of a T2-type planar minimal set, then there is a natural identification of slopes on 9; M
and 0; M. If u is a slope on 0; M, there is a corresponding slope % on ajM.w The locus of
points of the form (r,7) € R? is a branch of a hyperbola or a line which we denote by H C R2.
It divides the plane into two open regions H*, where #~ is unbounded in the (—oo, —o0)
direction and H* is unbounded in the (400, +00) direction.

We now generalize the strategy of Example 17.5 to this scenario. Let us describe the
setup carefully. As before, ® is an N-obstructed and nonwandering flow on M. We consider a
®-horizontal foliation F which has no degeneracy compact planar leaves. We assume that the
boundary multislope of F is of the form

(Ul,ﬂ]_,...7Uk7,ﬁk7,1)1,6]_7...,Uk+,@k+,w]_7...,wko7N7. ")N))
—_———

2k_ 2]€+ ko kN
where

e The first 2k_ boundary components of M are T2-latching, and u; and @; are two
irrational slopes for boundary components intersecting the same T2 -latching minimal
set A, ,

e The next 2k, boundary components of M are Ti—latching, and v; and 7; are two
irrational slopes for boundary components intersecting the same ']Ta_—latching minimal
set AZTF,

e The next k, boundary components of M are non-latching and have unconstrained types,
e The last ky boundary components of M are of N type.

For € > 0, we set

k_

U =TT (M o N 1w =2, ui+2) x (@ — &, +2)]) € R*-, (17.4)
=1
ki

Us =TT (M, o) N [0 — 2,0+ ) x (@ — &, +2)]) € R, (17.5)
=1

where H,, ;) denotes the locus of homological longitudes for the i-th pair of T2 -latching
boundaries of M.

Proposition 17.6. With the previous notation, there exists ¢ > 0 such that

US x US x {(w1,...,wg,)} x R € Z(®). (17.6)

15As a mnemonic for the reader: Ti-latching boundary components are problematic for £_, and force its
boundary multislope to be bigger than desired, while T2 -latching boundary components are problematic for
&+, and force its boundary multislope to be smaller than desired.

16Because the choices of framings coming from ® for 8; M and 2 M might not agree, we do not necessarily
have 7 = —r.
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Proof. We write w = (wy,...,wg,), u; = (u;,q;), v; = (v3,7;). We show that there exists
€ > 0 such that

ke iy
I (wi — &, +00) x ] (v}, +00) x {w} x R ¢ 27 (D), (17.7)
=1 i=1

ke

[](—oo.uj) x J[] (—oo,v;i +¢) x {w} x R* ¢ 2+ (@), (17.8)

for all uj € H._(;) with |uj —u;| < e and v; € H,, (;) with |[v; —v;| <e. By Theorem C, this
will readily imply

ke
[T(wi — &, ) va v} +¢) x {w} x R c Z(®)
i=1

for all such w}, v}, which yields (17.6) (for a possibly smaller ).

We now explain how to establish (17.8), (17.7) being similar. We proceed in two steps:
we first modify the foliation along the latching minimal sets, and then apply the fine version
of Eliashberg-Thurston with suitable choices of b modifications.

o Step 1: twisting. For each T2 -latching minimal set, we choose an arc from one irrational
boundary of M to the other, and apply a twisting modification (see Construction 1.8) along
a thickening of the arc disjoint from the other minimal sets. This way, we can modify the
slopes on the irrational boundaries along the corresponding locus H as in Example 17.5.
We also choose, for each Ti-latching minimal set, two arcs from a degeneracy boundary
component to each of the irrational boundaries, and apply the twisting construction.
The effect is to destroy some +oo degeneracy curves, but not all of them, so that the R
boundaries still have N type. In exchange, this increases the slopes on both irrational
boundary components of at least some € > 0. Importantly, the twisting operations along
the T2 - and ’]I‘i—latching minimal sets are independent of each other.

In summary, we obtain a new ®-horizontal foliation F’ with boundary multislope
(ul,...,u}_,v1+€,...,0p, +€w,RN),

where u; € H,_(;) is an arbitrary (partial) multislope satisfying |u; — u;| < €, independent
on €. Note that the former nonlatching boundary components are still nonlatching and no
other slopes are modified. The twisting operations might create new minimal sets, but they
all intersect the formerly latching boundary components. We might apply some blowdowns
(see Lemma 1.6) to ensure that the compact ones (if any) are isolated.

o Step 2: fine contact approximation. We now apply Theorem 8.24 to the foliation F’. For
the minimal sets touching the previously latching boundary components, we may choose
to perform the b modifications along those nondegeneracy boundaries. For the nonlatching
T2-type minimal sets, we perform the b modifications along +oo degeneracy curves as in
Example 17.5. By choosing smaller and smaller b modifications and applying Theorem 8.24,
we obtain (17.8). O
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17.4 The general case

We now treat the general case, allowing both degeneracy compact planar leaves and T?-type
planar minimal sets. We explain how to combine the strategies in the proofs of Proposition 17.4
and Proposition 17.6 to treat both obstructions simultaneously.

Let F be a foliation transverse to ®, with finitely many compact planar leaves,'” and with
generalized fine boundary multislope

b b ; - - - -
(81,...,skb,tl,...,tkﬁ,ul,ul,...,uk_,uk_,vl,vl,...,vk+,vk+,w1,...,ka,N,...,N)

k‘b ku 2k _ 2k+ ko ke

where
e The first k, boundary components of M are b-latching,
e The next ky boundary components of M are f-latching,

e The next 2k_ boundary components of M are T?-latching, and u; and @; are two
irrational boundary components intersecting the same T2 -latching minimal set A

e The next 2k, boundary components of M are ']I‘i—latching, and v; and v; are two
irrational boundary components intersecting the same ']I‘i—latching minimal set A;"

e The next k, boundary components of M are non-latching and have unconstrained types
e The last ky boundary components of M are of N type.

For € > 0, we define open set

k, ky
U; = H (si —e,8i) C R Ui = H(ti,ti +e)C R,
i=1 i=1

and we define U§ as in (17.4) and (17.5).

Theorem 17.7 (Resolving R-boundaries). Suppose ® is N-unobstructed. With the previous
notation, there exists € > 0 such that

Us x Us x US x U5 x {(wi,...,wg,)} x R™ C Z(D). (17.9)

Proof. The result follows by combining the operations in the proofs of Proposition 17.4 and
Proposition 17.6.

The key observation is that the minimal sets of F are in finite number and admit pairwise
disjoint neighborhoods. Moreover, the notions of b/#- and T%-latching and nonlatching
immediately extend to this more general setup. Importantly, the compact planar and T?-type
planar minimal intersect disjoint sets of boundary components of M. Therefore, following
the strategies of the aforementioned propositions, we may first prove inclusions for Z*(®)
and then apply Theorem C. The inclusions (17.2) and (17.8) may be combined together by
applying the first two steps in the proof of Proposition 17.4 and the first step in the one of

'"Recall that this can always be achieved after some blowdowns by Lemma 1.6.
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Proposition 17.6 simultaneously. Then, one may apply the fine Eliashberg—Thurston theorem
(Theorem 8.24) with the appropriate choices of b modifications, and make the modifications
arbitrarily small to get the desired contact approximations. Details should be clear and are
left to the reader. I

In particular, we obtain:

Corollary 17.8. If ® is an N-unobstructed nonwandering flow on M, then

Z(®) C Z(D).

Proof. Let F be a ®-horizontal foliation realizing a generalized boundary multislope s € Zx(®).
If F is a suspension foliation, no leaf has a degeneracy boundary and s € Z(®). Otherwise, we
apply Lemma 1.6 to obtain a ®-horizontal foliation with the same boundary multislope s and

finitely many (planar) compact leaves. Then, Theorem 17.7 applies and yields s € Z(®). O

18 N-completion

In this section, we explain that one may take limits of foliations carried by the same branched
surface. The boundary slopes behave well under limits unless Reeb annuli appear. These are
what we call X type boundary foliations.

Let B be a branched surface in M whose complementary regions are products. Any
foliation F fully carried by B specifies a cofinal splitting sequence of B, by which we mean
a sequence of splittings of B such that every branch locus is eventually split open. Conversely,
any cofinal splitting sequence for B specifies a lamination whose complementary regions can
be filled with products to obtain a foliation. Note that the procedure

F — Cofinal splitting sequence —s F’

is not necessarily the identity. However, for each 1 < k < n, 0y F’ is monotone equivalent to
O F and can only have f or b annuli if F does as well. Let Op be the space of cofinal splitting
sequences for B. We give Op the topology of convergence on finite subsequences. Note that
Op is compact with respect to this topology.

In the next lemma, we think of slopes as elements of (H1(T?)\ {0})/Rx0 since we are not
restricting to foliations with slope in R U {400} at the moment. Also recall Definition 2.13: a
curve is positively mostly to a foliation G if it decomposes into finitely many subarcs, each of
which is either contained in a leaf of G or transverse to G.

Lemma 18.1. Let s be a rational slope. The following condition is an open condition on
a cofinal splitting sequence ¢ € Op: ¢ codes a foliation F such that OpF admits a positively
monotone closed curve of slope s.

Proof. We check that the condition can be certified with a finite prefix of ¢, from which it
will follow that it is an open condition. The condition holds if and only if one of the following
holds:

1. OrF has a b-spiraling leaf A\ which limits onto a closed curve of slope s.

2. OkF is Reebless and s(0F) pairs positively with s.

111



Let us first handle case 1. Since A limits onto a closed curve of slope s, it eventually recurs
onto the same periodic sequence of tracks of B. Then as in Figure 20, we may choose a
monotone curve vy =y, U~ of slope s whose tangent subarc 7| is contained in A and whose
transverse subarc v is contained in a single branch sector of 9 B. The two endpoints of v
are eventually split apart in the cofinal sequence ¢ because v does not live in a product region.
Therefore, the existence of « is certified in a finite prefix of c.

Now let us handle case 2. Since OiF is Reebless, there exists a splitting of Jp B in the
sequence ¢ which carries only foliations with slope in an e-interval around s(0xF). For € small
enough, every foliation carried by this splitting pairs positively with s. Therefore, property 2
is witnessed by a finite prefix of c. O

Corollary 18.2. Coarse slope is a continuous function on the subspace of Op consisting of
Reebless foliations.

Remark 18.3. In the language of Appendix C, Corollary 18.2 can be upgraded to the
statement that the map Op — %" mapping a splitting sequence to its generalized fine
boundary multislope is continuous.

Lemma 18.4. (Limits of foliations) Let B be a ®-horizontal branched surface and (F;)i>o
be a sequence of foliations carried by B. Let s be the generalized boundary multislope of
Fi. Suppose lim;_,oo 8° = s'™ € R™. Then B carries a limit foliation Fim with generalized
boundary multislope s"™, possibly with some entries in R replaced by N.

Moreover, we have the following control over the boundary type of Fiim:

1. If st — s}gim strictly from above, then OpFim has t, i, or N type.

2. Similarly, if si, — sl,;m strictly from below, then OpFim has b, 4, or N type.

3. If O F; has generalized fine slope (si™)% for all i, then OpFim has f or X type.
4. If O F; has N type for all i, then OpFim also has N type.

Proof. After passing to a subsequence and a branched subsurface of B, we can assume that
B fully carries each F;. By compactness of Op, the cofinal splitting sequences for the F; have
a convergent subsequence yielding a limiting foliation Fjy.

Split into two cases. First, suppose 0pFiim has a Reeb annulus. Since F; does not admit a
negatively monotone curve of slope +o0o or positively monotone curve of slope +oo, and this
property is closed, the same is true for Fj,. Therefore, fs(Og Fiim) = N.

Second, suppose O Fiim does not have a Reeb annulus. By Corollary 18.2, s(OgFlim) = s};m.
If st — sim strictly from above as in (1), then none of the Fj, admit a positively monotone
curve of slope s}gm. By Lemma 18.1, this property must also hold for 9, F"™, therefore ; Fiim
does not have a b annulus and must have type § or f. Items (2) and (3) follow similarly.
Finally, since 0y Fiim does not have a Reeb annulus, there exists s € Q such that Fj;, admits a
positively monotone curve of slope s for any s € Q. Lemma 18.1 implies that the same holds
for F;, i sufficiently large. This implies that F; is not X type for all 4, and (4) follows. O

Proof of Theorem I. Let s € Zn(®). Suppose ® is LBSF (Definition 4.6). Recall that this
means that there is a neighborhood U of s and a finite collection of branched surfaces
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By, ..., By such that every ®-horizontal foliation with generalized boundary multislope in U
is carried, up to the action of a diffeomorphism of (M, ®) rel boundary, by one of the B;’s.
Choose a sequence of foliations F; with generalized boundary multislope s — s. Passing
to a subsequence and applying diffeomorphisms of (M, ®) rel boundary as necessary, we may
assume that all the F; are carried by a single branched surface B. By Lemma 18.4 applied to
this sequence of foliations, s € Zx(P). O

19 Slippery points

19.1 Generalities
We first give a more precise description of the slippery points of closed subsets of R™.

Definition 19.1. For x € R" and 1 < k < n, we define the standard positive and negative
quadrants at « in the k-first coordinates as

CiH(z) = [x1,400) X -+ X [z, +00) X {(Tht1y- -+, 2n)},

Cy (x) = (—o0,x1] X -+ x (=00, k] X {(Tht1,.--,2n)}-

Let A C R™ be a closed set. A point & € A is an upper extremal point in the k first

coordinates if
Cy(x) N A = {x},

and it is a lower extremal point in these coordinates if
Cy(x)NA={x}.
For ziggurats of nonwandering flows, Theorem F immediately implies

Corollary 19.2 (Rationality at extremal points). Let s = (s1,...,5,) € R™. If s is an upper
or lower extremal point of Z(®) in the k first coordinates, then si1,..., s, € Q.

We now give an alternative definition for slipperiness which will be useful in practice, and
captures the essence of those points:

Definition 19.3. Let A C R™ be a closed set. A point € A is upwards (resp. downwards)
slippery in the k > 1 first coordinates if there is a sequence of points &/ € A, j > 0, converging
to x, such that each =’ is an upper (resp. lower) extremal point in the first k coordinates,
the first k£ coordinates are strictly increasing (resp. decreasing) with j, and the remaining
coordinates are nonincreasing (resp. nondecreasing) with j.

This definition extends to any set of k coordinates, by permuting the coordinates. Intu-
itively, this definition means that there is a “good exchange rate” between the first £ and
last n — k coordinates near «: one can increase the slope in some of these coordinates at the
expense of potentially decreasing it in others.

Remark 19.4. Notice that if € A is upwards slippery in the k first coordinates, then up to
permuting the coordinates, there is an ¢ > 1 and a sequence of points «/ in A converging to
x of the form

o = (2], @), x]) € RF x RO x RPFE,
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X

(b) An zy-slippery point, a ray of x upwards
(a) The origin is upwards slippery in the z- slippery points, and a ray of y upwards slippery
direction. points.

~

X

(¢) Two segments of z upwards slippery points (d) A 1-parameter family of xy-slippery points

Figure 46: Closed subsets of R? and R3 with different kinds of slippery points.
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where @’ is (strictly) increasing in all coordinates, :I:Zr is (strictly) decreasing in all coordinates,
x}, is constant in all coordinates, and a7 is upper extremal in the k first coordinates.
Note that some points may be both upwards and downwards slippery, even in different

sets of coordinates. &

The next proposition justifies that Definition 19.3 agrees with the definition of slippery
given in the introduction (Definition 0.25).

Proposition 19.5. Let A C R"™ be a closed box-convex set. A point in A is slippery if and
only if it is upwards or downwards slippery in some subset of coordinates.

Proof. Up to translation, we may consider the point 0 € A. For ¢ > 0, we write B, = (—¢,¢)".

By definition, 0 is a terraced (i.e., nonslippery) point of A if and only if for every standard
(closed) quadrant C' at 0, there is an € > 0 such that either ANint CNB, = &, or int CNB, C A.
In the first case, we say that A is (locally) empty in this quadrant, and in the second case, we
say that A is (locally) full in this quadrant. From this, and using Remark 19.4, it is clear that
terraced points are not upwards nor downwards slippery in any coordinates.

Let us now assume that 0 is neither upwards nor downwards slippery, in any subset of the
coordinates. We will show by induction on the dimension of standard quadrants at 0 that A
is either empty or full in each of those quadrants. Note that this is obvious for quadrants of
dimension 0 and 1. Let us assume that it is satisfied for all standard quadrants of dimension
< m — 1. Up to permuting coordinates, any m-dimensional quadrant C may be written in
the form

C=C_xCyx{oy ™,

where
C_= (—oo,O]k‘, Cy = [O,oo)’“f,
and m = k_ + k. We may assume that k_ > 1, ki > 1; otherwise, box-convexity would

imply that the quadrant is full. Since 0 is not upwards slippery in the first k_ coordinates
and not downward slippery in the next ki coordinates, there exists € > 0 such that

(int(C_) x Cy x {0} %) N B.
contains no point in A which is upward extremal in the first k_ coordinates, and
(C_ xint(Cy) x {0} %) N B.

contains no point of A which is downward extremal in the next ky coordinates.
Let « = (x_,x4,0) be any point in AN C N B.. We claim that there exist y~ € 9C_,
yT € 0C, such that
(m*7 Y+ 0)7 (y*a L, 0) €eANCN Be,

and
(m,,er, 0) <z < (y,,er, O)

We simply choose y_ to be a maximal element of C_ satisfying (y_,x4,0) € ANC N B:
and x_ < y_ < 0. Such an element exists because A N C' N B, is closed. Furthermore,
y_ € JC_ since AN (int(C_) x Cy x {0}™ %) N B. contains no upwards extremal point of A
in the first k_ coordinates. We define y in a similar way.

We have shown that AN C N B; is the box-closure of points in proper subquadrants of C
near 0, which are all empty or full for A by induction, so the same holds for C' as well. [
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19.2 Proof of Theorem M

Suppose s is an upward slippery point of Z(®) with respect to the first k& coordinates, and
assume for the sake of contradiction that s is not a spherical or T?-type planar multislope.
As in Remark 19.4, Z(®) contains a sequence of points s/ — s, all upward extremal in the
first k coordinates, and such that sequence is strictly increasing in the first £ > 1 coordinates,
strictly decreasing in the next ¢ > 1 and constant in the remaining n — k — £ coordinates.

By Lemma 18.4, there is a foliation F*° with boundary slope s, possibly with some entries
replaced by N. Moreover, F°° has b/f/X type on the first £ boundary components and £/f/N
type on the next ¢ boundary components. First, let us warm up by assuming that F/° has no
N type boundaries. Since we assumed that s is not a spherical multislope or a T?-type planar
multislope, the fine version of Eliashberg—Thurston applies to F*°. This gives a positive
contact structure £ such that 9&; > 0F°°. Therefore,

si(y) > s for 1 <i<n.

Moreover, since Oy F > is §/f type for i € {k+1,...,k+ ¢}, Lemma 2.18 implies that we have
the strict inequality
si(€y) > s forie{k+1,...,k+/(}.

Second, by Theorem C there exists a contact structure £_ with
s(§-) =s(F>) =s.
Apply Proposition 12.1 to the pair ({_, &4 ). This results in a foliation with boundary multislope

ti= (81, ySkySkt1 +Eyevey Skt + €, Skttt ---s5n)-

For j sufficiently large, ¢t > s’ with strict inequality in the first &+ ¢ coordinates, contradicting
our assumption that s/ was upward extremal in Z(®) in the first k& coordinates.

Let us now examine the more general situation where F has some boundaries of type N.
Up to permuting the order of the boundary components of M, we have

_(.b/b b/f #/4 #/k ? ?
fs(F>°) = (s s SRR s sl R R, sk+€+1,...,5k+4+m1,N,...,N)

—_———— —_— —
k1 k2 0 153 mi ma

for some ki, ko, €1, 02, m1, mo satisfying k1 + ko =k, b1+ 0o =¥, and m1 +me =n — k — /.
Since s is strongly R-unobstructed, F*° has no compact planar or T?-type planar minimal
sets, so we may apply the fine Eliashberg—Thurston theorem to F*°. By Lemma 2.18 and
Lemma 2.21, we obtain a contact structure £, with boundary slope s(£4) of the form

(817 ceey Sk1,+OO, ceey +OO,Sk+1 + Ey ey Skt + €7+OO7 cee ,+OO,S]€+[+1, c ooy Sk+l4+my s
k1 ) 01 Lo m
+00,...,+00).
—_—
ma2
The argument now proceeds as in the previously discussed case. O
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20 Connectedness

In this section, we study the case where ® is a fully punctured pseudo-Anosov flow without
perfect fits on M, and we prove Theorem N from the Introduction. For flows of this type,
every ®-horizontal foliation may be specified by an assignment of an element of Homeo(T)
to each edge of the associated veering triangulation; see [Zun24]. One might try to use the
contractibility of Homeo(I) to prove that Z(®) is contractible. However, some choices of such
homeomorphisms yield foliations with Reeb annuli, which are possibly not even foliations of N
type; such foliations are not cataloged by Z(®). We will partially circumvent this problem
using Theorem J.

We begin with a lemma encapsulating the results of the veering triangulation machinery.

Lemma 20.1. Suppose ® is a fully punctured pseudo-Anosov flow without perfect fits. Let Fo
and Fy be two ®-horizontal foliations. Then there exists a path of ®-horizontal C°-foliations
Fi, 0 <t <1, which varies continuously in the Cgol topology.

Proof. Let B be the 2-skeleton of the corresponding veering triangulation. By Theorem 4.11,
B carries every ®-horizontal foliation. Recall that B is naturally a branched surface without
triple points whose branch loci correspond to the edges of B. Therefore, every foliation carried
by B is specified by a choice of an element h, € Homeo(I) for each edge e of the veering
triangulation. The resulting foliations vary continuously as a function of {hc}.cpe). By
connectedness of Homeo(I), any two foliations carried by B may be connected by a path of
foliations, which is continuous in the 01901 topology. O

Proof of Theorem N. Let Cy be a compact connected component of Z(®), and assume by
contradiction that C4 is a different connected component. Let Fy and F; be ®-horizontal
foliations with boundary multislopes sg € Cy and s; € C;. By Lemma 20.1, there exists a
family of ®-horizontal C%-foliations F¢, 0 < ¢ < 1, which is continuous in the C% topology,
and which interpolates between Fy and F;. However, for ¢t € (0,1), F; might not have a
well-defined boundary multislope, nor be admissible.

Let us assume that for all ¢ € [0, 1], all the components of dF; are Reebless and have finite
slopes. Then continuity of the slope with respect to the C% along M (see Lemma 2.28),
the path ¢ — s(0F;) is continuous and contained in Z(®), which contradicts that Cy and Cy
are distinct connected components.

We now assume by contradiction that there is a 7 € (0, 1] such that F; has at least one
boundary component without finite slope. Note that the set of ¢ € [0, 1] such that 0F; has
finite multislope is open, as one can realize such boundary foliations as suitable suspensions
of circle homeomorphisms. Therefore, there is a well-defined first time 7 € (0, 1) for which F;
does not have finite boundary multislope. Then, the path ¢ € [0,7) — s(0F;) is well-defined,
continuous, and contained in Cp; in particular, it is bounded. Therefore, by Lemma 2.28, no
component of dF, has slope +00, and the components without finite slopes are necessarily
of W type. By Theorem J, there exists an unbounded connected set R C Z(®), obtained by
resolving the X components of F;, such that Co N R # @.'® This readily implies R C Cp,"’
contradicting that Cj is bounded. O

8Here, we crucially use that C is closed! See Example 20.2 below.
YTndeed, if p € Co N R, then R U {p} is connected as well and intersects Co, so RU {p} C Co by the
maximality of connected components.
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When n < 2 (and perhaps n = 3), it is enough to assume the existence of a bounded (and
not necessarily compact) connected component of Z(®) to deduce that the ziggurat itself is
connected, since box-convexity is restrictive enough. However, it might not be the case for
n > 4, as the following example suggests.

Example 20.2. In R* = R3 x R, we consider a subset C' C R3 x {0} of the form of the “spiky”
ziggurat in Figure 47. As a subset of R3, it can be described as a connected, box-convex
neighborhood of the interval

{(t,t,—t) |t € (0,1)}

contained in the open octant {z >0, y > 0, z < 0}.

Consider R = (0,1) x {0} x {0} x R. Then the following scenario could occur: C' is a
connected component of a ziggurat for a nonwandering flow ® with n = 4, and a sequence of
®-horizontal foliations whose multislopes converge to 0 € R* develops an X boundary foliation
on the fourth components, while the component corresponding to z is f-latching and the
components corresponding to y and z are nonlatching. This configuration could be resolved
as R C Z(®). However, R ¢ C.

Nevertheless, we are not aware of a flow displaying this behavior. &

~

X

Figure 47: A spiky ziggurat.

We remark that in the very special case n = 2, box-convexity imposes strong restrictions
on the number of unbounded path-connected components:

Lemma 20.3. Suppose A C R? is a box-convex set. Then A has at most two unbounded
connected components.

118



Proof. We argue by contradiction. Let Aj, As, A3 be three distinct connected components
of A. Box-convexity implies that the projections of the A;’s onto the z-axis and the y-axis
must be disjoint. Thus, we may sort the A;’s in ascending order by their z-coordinates. The
A;’s must be sorted in descending order by their y-coordinates. Indeed, if there exists a pair
x € A;, y € Aj such that x < y, then box convexity implies that & and y belong to the same
component of A. Now the condition that the A;’s are sorted in x and y implies that As must
be bounded, a contradiction. ]

Unfortunately, we are not able to bound the number of unbounded components for n > 3;
Lemma 20.1 does not seem to constrain unbounded connected components, and box-convexity
is not restrictive enough, as the following example shows.

Example 20.4. The set
U{(k,—k)} xRCR?
keZ

is box-convex and has infinitely many unbounded connected components. &
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A  Mean curvature flow for foliations on T2

Mean curvature flow or curve shortening flow is a geometric flow for curves on Rieman-
nian surfaces. Given an initial curve 7 : [0,1] — S, the curve evolves by

dy(z) _ -

a 7
where k is the curvature and 7 is the unit normal pointing toward the convex side of . This
partial differential equation can be considered as gradient flow for the length functional on
~; hence it tends to simplify curves. Indeed a series of work by Gage, Hamilton, Grayson,
and others culminating in [Gra89] proves that mean curvature flow on a closed curve in a
Riemannian surface either shrinks to a point or converges to a closed geodesic [Gag90; GHS&6;
Gra87].

A key property of mean curvature flow is the avoidance principle, which states that mean
curvature flow applied to a pair of curves does not create new intersections. In particular, an
embedded curve remains embedded during mean curvature flow.

We consider leafwise mean curvature flow (LMCF): a geometric flow on foliations
under which each leaf evolves by standard mean curvature flow. Thanks to the avoidance
principle, this flow (as long as it is defined) preserves the property of being a foliation. The
goal of this section is to prove the following convergence result for leafwise mean curvature
flow:

Proposition A.1. Let G be a Reebless C foliation of T?. Equip T? with a flat Fuclidean
metric. Then after a preparatory arbitrarily CO-small isotopy to G, leafwise mean curvature
flow on G converges tangentially to a linear foliation of slope s(G). Moreover, if G is smooth,
then no preparatory isotopy is needed, and the LMCF of G remains smooth.

We prove Proposition A.1 by “sandwiching” G between two foliations by closed curves,
whose convergence can be established by appealing to results in the literature. Before
proving Proposition A.1, we first explain that this sandwiching is possible at the level of

—_——

homomorphisms of S*. Recall that Homeo™ (S') denotes the universal cover of Homeo™ (S!),
or equivalently the set of Z-periodic homeomorphisms of R. Let Rs : R — R be the translation
by +s € R. The following lemma is standard; see for example [Mill8, Proposition 1.1].

Lemma A.2. Let h € Homeo" (S'). Then for every e > 0, h is conjugate to another
k' € Homeo™ (S') with |h' — R

;a(h)’ <e.

Corollary A.3. Let h € Homeot(S') with translation number rot(h) € R. For every

s > rot(h) (resp. s < rot(h)), there exists f € Homeo™ (S) such that f > id (resp. f < id),
and fh is conjugate to a translation by s.

Proof. Assume that s > rot(h), and let € := (s —rot(h))/2 > 0. By Lemma A.2, h is conjugate
by some homeomorphism ¢ to an e-neighborhood of R&(h)' Then

ghg™' < Rs,

so f = (¢ ' Rsg)h~! satisfied f > id, and fh = g~ 'R, is the desired homeomorphism. O
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Proof of Proposition A.1. The avoidance principle combined with continuous dependence of
curve shortening flow on the initial conditions implies that G remains a foliation as long as
leafwise mean curvature flow is defined.

1. Step 1: Long time existence. We mimic the proof in the closed case. First use Huisken’s
distance comparison principle [Hui98, Theorem 2.1]. For p, ¢ on the same leaf of G, define
the extrinsic and intrinsic distances d(p, q) {(p, q). Huisken’s distance comparison principle
says that

inf d(p, q)/1(p, q)

is non-increasing. Since T2 is compact and G is Reebless, the leaves of G are quasigeodesics
with uniform quasigeodesic constant. Therefore, inf, , d(p, q)/l(p, ¢) is uniformly bounded
above during curvature flow.

If mean curvature flow develops a singularity in finite time, then the usual rescaling trick
says that the rescaled flow is a contracting soliton (ruled out because G has no contractible
curves) or a grim reaper (ruled out by Huisken’s distance comparison principle).

2. Step 2: Convergence to a linear foliation. First, we handle the result for any foliation G
topologically isotopic to a linear foliation of slope s € Q. Grayson proves that essential
closed curves on Riemannian surfaces converge to geodesics [Gra89]. Therefore, every leaf
of G, converges to a geodesic in T?. By compactness of T?, G, converges to a linear foliation
in the tangential topology.

Now we handle the result for an arbitrary Reebless foliation G. Let r, s be two rational
slopes such that (7, s) contains s(G). Our strategy is to sandwich G between two foliations
G, and G, which are topologically isotopic to linear foliations of slope r and s respectively.

Since G is Reebless, G admits a positively monotone curve v which intersects every leaf by
Lemma 2.14. After C%-small preparatory isotopies, we may make « smooth and transverse
to G, using Lemma 2.15. From now on, we work in coordinates where v has slope +oc0.
We further arrange that G is smooth near . The holonomy of G defines a first return map
h:~ — ~. By Corollary A.3, we may sandwich h (or more precisely, h: ¥ — ) between
two maps h,, hs : v — v which are conjugate to rotations by +r and +s respectively.

Now we can modify G in a neighborhood of v to obtain a new foliation G, which is positively
transverse to G near -, whose leaves are equal to those of G away from =, and which has
first return map hs. Similarly define G, to be a new foliation which is negatively mostly-
transverse to G and has first return map h,.. By construction, G, has no positive topological
crossings with G and G, has no negative topological crossings with G. Mean curvature flow
preserves this property. Since we have already shown that G, and G5 converge to linear
foliations, we deduce that G eventually lies in the cone between the linear foliations of slope
r —e, s+ ¢. Taking the interval (r, s) arbitrarily small gives the desired convergence. [
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B Ziggurats of annulus and disk suspensions

Our main theorems often exclude two special cases: M = S' x D? and M = T? x I. In this
section, we analyze Z(®) in these special cases.

Definition B.1. A flow ® is a planar suspension if it is orbit equivalent to the suspension
of a homeomorphism of a planar surface. We say that it is a disk (resp. annulus) suspension if
it is orbit equivalent to the suspension of a homeomorphism of the 2-disk and M =2 S x D?
(resp. the annulus S* x I and M = T2 x I).

Definition B.2. We say that s € R" is a homological longitude if there is a nontrivial
element of Hyo(M,dM) represented by a surface ¥ meeting each 9; M in a (possibly empty)
collection of parallel curves of (oriented) slope s;. The locus of homological longitudes is
the set of all homological longitudes.

Remark B.3. The locus of homological longitudes is a union of quadric hypersurfaces. Two
homological longitudes 7, s cannot satisfy r < s, since the intersection pairing on the image
of 0: Hy(M,0M) — H1(0OM) vanishes.

Lemma B.4. Taut foliations on S' x D? and T? x I transverse to the boundary are classified
as follows:

1. If F is a taut C°-foliation on S* x D? transverse to the boundary, then F is isotopic to
the standard foliation by disks.

2. If F is a taut CO-foliation on T2 x I transverse to the boundary, then F is isotopic to a
product of a foliation on T? with I.

Proof. We prove each item in turn.

1. Note that OF must be a linear foliation with slope zero. Otherwise, 0F would (up to
isotopy) admit a transversal of slope 0, but taut foliations do not admit contractible
transversals. Thus, 0F contains a curve  of slope 0. Since leaves of taut foliations are
m-injective, v bounds a disk in a leaf of . Now the Reeb stability theorem implies
that F is a foliation by disks and hence is standard.

2. Let F be the lift of F to the universal cover and let L be the leaf space of F. Let Lj,
1 <1 < 2, be the leaf space of 0;F. Inclusions of leaves of OF into leaves of F induce
immersions f;: L; — L.

(a) Each f; is surjective: Since the boundary components of M are mi-surjective,
71 (M) preserves f(L;) and f(Lz2). Since F is taut, every point in L is connected
to f(L1) by a positive and a negative transversal. Since L is a simply-connected
1-manifold, there can be no point outside f(L;) with this property; therefore f;
and fo are surjective.

(b) Each f; is injective: By the classification of foliations of T2, L; is a possibly non-
Hausdorff 1-manifold all of whose non-separated points arise from Reeb annuli in
0;F. Since f; is an immersion into a simply connected 1-manifold, f; is injective
in a neighborhood of any separated point. If x,y is a pair of non-separated leaves
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in L; corresponding with the two boundary components of a Reeb annulus, then
we claim that f; is also a homeomorphism onto its image in a neighborhood of
{z,y}. It suffices to check that f;j(z) # fi(y). Otherwise, there is a leaf X of F
containing both x and y. Since leaves of taut foliations are 7i-injective and both x
and y are curves represent the same element of 71 (T? x I), A must be an annulus
cobounding x and y. But then A separates M which contradicts tautness of F. So
in fact fi(z) # fi(y) and f; is a homeomorphism in a neighborhood of {z,y} as
desired. Since the target L is a simply connected 1-manifold, f; must be injective.

Thus, L1 = Ly = L. In particular, every leaf A of F contains exactly one leaf in 01 F
and exactly one leaf of 05 F, and

m(O1A) 2 w1 (0xA) =2 i () = Staby, (-

Choose a continuous leafwise metric on F. By compactness of M, there exists R large
enough that for every point in M, there are leafwise paths of length R to either boundary
component of M. Then for every leaf A of F with boundary components 01 A and ds A,
A is contained in a leafwise R-neighborhood of 0;A. Again using that the inclusion
of 0;\ into A induces an isomorphism of fundamental groups, we conclude that A is
topologically the product of x; with a compact interval I. It follows that F is a product
foliation. O

Proposition B.5 (Ziggurats of disk and annulus suspension flows). Assume that Z(®) # &.

1. If M = S x D?, then ® is orbit equivalent to the suspension of a homeomorphism of
D2, and Z(®) is a single point, the homological longitude.

2. If M =2 T2 x I, then ® is orbit equivalent to the suspension of a homeomorphism of
an annulus, and Z(P®) is a nontrivial interval contained in the locus of homological
longitudes (for a framing coming from the product structure).

Proof. We prove each item in turn.
1. This follows from the classification result in Lemma B.4.

2. That Z(®) is contained in the locus of homological longitudes follows from the classifica-
tion in Lemma B.4. We need to show that Z(®) is convex. Given any two ®-horizontal
foliations F; and Fa, Lemma B.4 says that Fg and F; are products of foliations G; and
Gi on T? with an interval. Since ® is nonwandering, Fy and F; are taut and Gy, Gy
cannot have Reeb annuli. Therefore, Fy and F; have measured sublaminations Ag
and A realizing the boundary slopes of Fy and F7 respectively. Convex combinations
Ay = (1 —t)Ao + tA; for 0 < ¢t < 1 are horizontal measured laminations realizing
boundary slopes

(1 - t) S(a]:o) + ts(@]-"l).

We need to show that all of these complete to ®-horizontal foliations. Focus on one
of the guts G of Ay, which is naturally a sutured manifold with horizontal boundary
R* U R™. We can choose the vertical boundary of G to be tangent to ®, so ® enters
along R~ and exits along RT. Suppose for the sake of contradiction that there exists
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an orbit of ® which do not exit G. Compactness yields a small ball to which & recurs
infinitely many times. Note that these recurring loops homologically pair to zero with
Ay (since they are disjoint from A;) and pair non-negatively with Ag and A; (since @ is
transverse to Fy and F7). It follows that they pair to zero with both Ag and A;. Then
either s(0Fy) = s(9(F1)) and we are done, or these recurring loops are contractible
which contradicts tautness of Fo and F;. Thus, we can assume that every orbit of ®
passes from R~ to RT. This implies that G is a product so that A; can be completed to
a ®-horizontal foliation. This concludes our proof of convexity of Z(®). O

Finally, we briefly discuss the contact ziggurats in the disk and annulus suspension case.
We leave the details to the interested reader.

Remark B.6. Adapting methods from Section 16.1, we expect the following to hold:

o If ® is a nonwandering disk suspension on S* x D?, then

Z7(®) = (0, +00), ZT(®) = (—00,0).

« If ® is a nonwandering annulus suspension on T2 x I with locus of homological longitude
H C R?, then
Z7(®) CHT, ZH(®) CcH,

where H* are the two connected components of R? \ H, and H~ lies below H™.

In particular, in both cases,
Z7(®)NZH(P) = 2.

In the first case, the inclusions (0, 4+00) C Z7(®) and (—o0,0) C Z1(P) are clear: start
with a smooth foliation by disks transverse to ® and twist radially. Moreover, Z~(®) N
(0,400) = ZT(®) N (—00,0) = &, since otherwise we could blow down ® along M and
construct a positive/negative contact structure transverse to a nonwandering suspension
flow on S' x S?, contradicting Proposition 16.2. Therefore, the main difficulty is to show
0 ¢ Z*(®). Note that in view of Corollary 9.4, we can deduce that Z=(®) N Z+(®) = @,
since a positive/negative contact structure with boundary slope 0 would have a Legendrian
curve along M bounding an embedded disk in M, implying overtwistedness, while such a
contact structure would necessarily be tight.

In the second case, the inclusions Z*(®) C HTF, or equivalently Z*(®) N H* = @, follow
from blowing down ® and applying Proposition 16.2. Moreover, by instability of irrational
slopes, we can also deduce that Z*(®) N'H C Q?. However, proving Z¥(®)NH = @ is
more delicate; notice that the elements in Z¥(®) N H are spherical multislopes. Showing
Z=(®) N ZT(®) = @ using Corollary 9.4 seems delicate as well. &
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C To N and beyond

It is natural to consider foliations with boundary slope +00, or non-R type foliations with
Reeb annuli. For simplicity, we avoided addressing these foliations in the body of the article.
In this section, we discuss some formalism for extending our results, and we suggest some
conjectures about the ziggurat of fine boundary multislopes.

C.1 Generalized multislopes

First, we revise and extend our terminology to accommodate these new kinds of boundary
foliations.

Definition C.1. A generalized coarse slope is an element of RU{£00,X}. A generalized
fine slope is a coarse slope, plus a type in {f,1,4,b}. The meaning of s¥ for © € {1,1,,b}
remains the same as in Section 2, and we define the generalized fine slope of a ®-horizontal
foliation G with a Reeb annulus as follows:

1. N if G has neither +o0of nor —oo” annuli. This class was simply called X in the body of
the article.

> annuli.

2. W if G has a +o0of annulus, but no —oco
3. W’ if G has a —oo” annulus, but no +oof annuli.

4. Nt if G has both +oo? and —oc” annuli.

We write . for the space of real fine slopes R x {f, 1,,b}, and 7 for the space of generalized
fine slopes (R U {—o0, +00,R}) x {4, 1,4,b}.%

Definition C.2 (Topology on fine slopes). For s € R, we declare the following set to be open
in ./

{tV |t € (s, +o0]} U {s*, 51}, (C.1)
{t7 |t € [~o0,8)} U{s, s (C.2)
The following two sets are also open:
{ +00f, R R}, (C3)
{ —o0”, N>, nf} (C.4)
We define the topology on . to be the topology generated by these open sets.

Note that .7 is non-Hausdorff; moreover, the sets of the form {ST} for s € RU{—o00, +00, N}
are open.

201f preferred, +00*/? and —o00”/% may be excluded from 7 as they do not occur as fine slopes of ®-horizontal
foliations.
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Lemma C.3. The map
fs : {®-horizontal foliations} — 2

is continuous in the 0301 topology.

Proof (sketch). For each s, the property of admitting a positive/negative mostly transverse
curve is open in the C’gol topology. These open sets correspond exactly to the preimages of
the open sets specified in Definition C.2. O

Definition C.4 (Order on fine slopes). We define a partial relation < on generalized fine
slopes generated by the following inequalities. First, for s,t € R U {400} we impose

sV < ¢ (C.5)
when s <t and O, € {,b, 4,1}, and
¢ <st <5t and st <l (C.6)
Second, we have
—ool < NERF and  RNE N < 4oof. (C.7)

Remark C.5. We can also define the topology on .# in terms of closed sets. Let [s7,t%] be
a closed interval for the fine slope topology. Depending on the values of the endpoints, we
define a subset A C {b,f,b}*! as in the following table:

. % P~ t+eooﬂf, ool
—oof 0} by | ot
i o {1} {5 4)

s = 400 @ @ £}

We then declare the set [s@, t<>] U R4 to be closed in the generalized fine slope topology,
and the latter topology is generated by those closed sets. We denote by 7 the topological
space of generalized fine slopes. Note that a map f: X — .¥ defined on a topological space
X is continuous if and only if the preimages of those above closed sets, which form a subbase
of the topology on ., are closed in X. &

Definition C.6. Zg,(P) C " is the set of fine boundary multislopes achieved by ®-
horizontal foliations. Zy fine € " where the following wildcard substitutions are permitted

21 A stands for accidental here.
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to eliminate X components:

NI — [—oof, +00"],
N {—oof},

N {+o0l},

N — 2.

Similarly define Zékne(fb) as the sets of fine boundary multislopes achieved by ®-horizontal
contact structures.

C.2 Speculations and conjectures

We now propose some conjectures for ziggurats of generalized fine multislopes.
Conjecture C.7. The subsets Zi- (P) C ™ are open.
Conjecture C.8. The posets Zécne(tﬁ) are downwards and upwards closed, respectively.

These two conjectures would follow from the twisting and trimming trick, as well as from
definition of the order and the topology on .7.

We also conjecture that the following generalization of Theorem C holds, at least away
from certain obstructed multislopes:

Conjecture C.9. If ® admits no horizontal compact planar surfaces nor T?-type planar
laminations, then
Zhine(®) = 24, (@) N 24 (D).

More generally, the equality holds away from obstructed multislopes.

Conjecture C.10 (Generalized closedness). If ® is BSF, then Zgne(P) is closed, except
possibly at strongly N-obstructed multislopes. In particular, if ® admits no horizontal compact
planar surfaces nor T?-type planar laminations, then Zgne(®) is closed.

One could show that along the faces of Z(®), the multislopes are realized by foliations
with b/# boundary types along the boundaries corresponding to extremal coordinates (up
to R-degeneration). Therefore, those correspond to special subsets of Zg,e(P). It would be
interesting to describe those more precisely.

It remains to understand how to characterize slippery points in the context of generalized
fine multislopes. As a first step, we propose a purely set-theoretic problem:

Conjecture C.11. If A C . is open and closed, then its projection to R" is terraced.

Question C.12. What is the correct extension of the notion of slipperiness to Zgne(®), in
terms of extremality with respect to <? In particular, how to characterize the slippery points
“at infinity”?
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